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1. SEMANTICS OF PREDICATE LOGIC

Recall that a first-order signature L consists of

A countably infinite set of variables, X = {zo,z1,...,Zn,... }.
A set of constant symbols, C.

A set of function symbols, F.

A set of predicate symbols, R.

Example 1.1. (1) Ordered sets: the natural signature L,.q has R = {R}, and
C=0="F.
(2) Groups: the natural signature Ly, has R =0, C = {e}, and F = {m}.
(3) Natural numbers with successor: the natural signature Lgy.. has R = {<},
C={0}, F={S}.
(4) Elementary number theory: the natural signature has R = {<}, C = {0, 1},
and F = {-,+,S}.

As mentioned before, we should think of these as formal symbols, and not as the
constants, operations, and relations that they typically represent—we will speak
about such interpretations in a moment. Often this distinction is enforced through
careful notation, but this gets tiresome, and typically leads to more confusion,
rather than less.
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From the raw ingredients in a signature L, we build:

Tmy, the terms of L.

AtFmy, the atomic formulas of L.

QF;, the quantifier-free (or, more simply, ¢.f.) formulas of L.
Fmj, the formulas of L.

1.1. L-Structures and Interpretation. Up to this point, we have worked with
these symbols in a purely formal way, combining them in specific allowable ways
without considering what they actually mean. We now address the latter question,
focusing on their interpretations: as actual constants, functions, and relations in
the everyday world of mathematical objects.

First, we make precise what it means for a mathematical object to interpret the
basic symbols in a given signature.

Definition 1.2. Let L be a signature. A structure for L (or an L-structure) M
consists of

(1) A set M, known as the underlying set or universe of M.
(2) For each c € C, an element ¢c™ € M.
(3) For each f € F of arity n, an n-ary function

MM X x M — M,

where the domain is an n-fold product of copies of M.
(4) For each R € R of arity n, a subset

RMCMx---xM

where the set on the right is an n-fold product of copies of M. In general,
instead of writing (my,...,m,) € RM to signify that the tuple of elements
mi,...,my are RM-related, we will simply write RMmy ... m,,.

Example 1.3. Take L = Ly, the signature of the natural numbers with suc-
cessor: C = {0}, F = {S}, and R = {<} (more compactly, we often denote
this and other signatures simply by the ordered tuple of their symbols; that is,
Lgyce = (0,5, <)). We consider several different Lgyc.-structures.

(1) The standard natural numbers are, of course, an Ly, c.-structure, M;:

e M;=N.

o 0M1 =0.

e SMi is the usual successor function on the natural numbers; that is,

for any n € N,
SMi(n) =n+1.
o <M igs the standard order relation on the natural numbers; that is,
<Mi={(m,n) € N?|m < n}.

(2) There are all kinds of other variations, though, say Mo with
[ ] M2 = N

oMz = 7.

SMz ig the function that takes each n € N to 2n.

<Mz= {(m,n) € N?|mn > 10}.
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Clearly one of these structures inteprets the symbols in a reasonable, mathemati-
cally useful way, while the other does not. One of our major goals moving forward
will be to use formulas to force proper behavior in the structures we consider.

First, we must extend our interpretation of the basic symbols to arbitrary terms.

Definition 1.4. A valuation of the variables of a signature L in an L-structure M
is a map
v: X —>M
x—a€ M.

Definition 1.5. Given an L-structure M and valuation v, we denote by 7[v] the
value of the term 7 in M under assignment v. This value is determined recursively,
according to the following rules:

(1) If 7 is a variable z, 7[v] = v(x).
(2) IfceC, clv] = M.
(3) If f € Fis n-ary, and 71, ..., 7, are terms,

(fr...m)[v] = fM(Tl[”U], ey Tnlv]).
This, of course, is the inductive step.

Example 1.6. Take L = Lg,,. Consider the L-structure M given by M = Z,
eM =0, and *M = +, with assignment v : X — M given by v(z,) = n. Let
7 =m(z1, m(z2,e)). Then

il = iz, miz2, €))e]
= mM(x1[v], m(w2, €)[v])
= mM(1,mM(za[v], e[v]))
= mM(1,m*™(2,0))
= (1+(2+0)
= 3

Note that the value of a term is highly sensitive to the structure and the valuation,
in general:

Example 1.7. Take L = Lg,p, as before, but consider the L-structure M; with
M = Z, m™ the standard multiplication on Z, and e™* = 7. Let v be the constant
valuation with v(z;) = 1 for every z; € X. Then

] = m(zy, m(zz,e))[v]
= mM (xl[v],m(xg,e) U])
= mM (1, mM(22[v], e[v]))
= li(l,li(1a7))
— gl -(1-7))

Remark 1.8. If we fix M and v, the value of 7 in M under the valuation v, 7[v],
is determined entirely by the value of v on variables that occur in 7. That is, if
7 = 7(21,...,T,) contains only the variables x1, ..., z,, then if valuations v and
v’ satisfy v(z;) = v'(z;) for i = 1,...,n, then 7[v] = 7[v].
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Now that we can interpret terms, we can start to make sense of the truth of formulas,
which consist, roughly speaking, of equations or relations between terms, as we
know.

Definition 1.9. Let M be an L-structure, v a valuation, and ¢ € Fmy. We define
what it means for ¢ to be satisfied in M under the valuation ] denoted

M=o
by induction on the complexity of ¢.

(1) If ¢ € AtFmy, there are two possibilities:
(a) ¢ is 11 = 7o for some 71,79 € Tmy,. Then

M, v = ¢ if and only if 71 [v] = 7»[v].
(b) ¢ is R7y,... T, where R € R and 71,...7, € Tmy. Then
M, v = ¢ if and only if (71[v], ..., 7,[v]) € RM.

(2) Propositional connectives:
(a) Say ¢ = —). Then

M, v = ¢ if and only if M,v £ .
(b) Say ¢ =1V x. Then
M, v = ¢ if and only if either M, v =9 or M,v = x.
(¢) Say ¢ =9 A x. Then
M,v | ¢ if and only if M,v =4 and M,v = x.
(d) Say ¢ =1 — x. Then
M, v = ¢ if and only if M,v =¥ or M,v [ x,

where we have used the fact that ¢y — x is tautologically equivalent
to = V x, together with earlier clauses in this definition.

(e) If ¢ = > x, we use the fact that ¥ <> x is tautologically equivalent
to ¥ = x A < x, and earlier clauses in this definition.

Note: since {V,—} is a base of connectives, we could have made do

with just the clauses (a) and (b).
(3) Quantifiers: here we require a bit of extra notation. Given a valuation
v : X — M, variable z and a € M, we denote by v(x/a) the following

valuation: .
sefam ={ W L7

That is, v(x/a) is the same as v, except that we adjust it so that the variable
x is assigned value a. We now turn to our cases:
(a) Say ¢ = Vz1) for some 1. Then M, v = ¢ if and only if for all a € M,

M, v(z/a) = .

e use certain less formal expressions for this relation as well: “M believes ¢ under v,” “¢
is true in M under v,” “M, v satisfies ¢,” and so on.
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(b) Say ¢ = Jxtp for some ¥. Then M, v |= ¢ if and only if there is some
a € M such that

M, v(z,a) E ¢.

Notice that this definition tells us precisely how to convert syntax to semantics;
from formal logical and mathematical symbols to their concrete meanings.

Remark 1.10. In place of M, v |= ¢, I (and many others) prefer to write
M = ¢[v].

Example 1.11. Consider L = L,,q, the signature of ordered sets, which consists
of a single binary relation symbol R. Let M be the structure with M = N and R™M
the usual strict ordering on the natural numbers; that is,

RMmn if and only if m < n.
Let v be the constant valuation with v(x) =0 for all z € X.

We consider the formula ¢(y) = Va(z # y — Ryx). Is it the case that M = ¢[v]?
From the definition of satisfaction,

M E ¢[v] if and only if for all a € M, M [ (z # y — Ryz)[v(z/a)]
if and only if for all a € N, if M = (z # y)[v(z/a)], then M | Ryz[v(z/a)]
if and only if for all a € N, if a # 0, then M = RM0a
if and only if for all a« € N; if a # 0, then a > 0.

This final statement is certainly true in this structure, the natural numbers, so yes:

M = ¢l
Again, satisfaction is sensitive to both M and v.

Example 1.12. (1) Take everything precisely as in Example but now
with M = Z. Then M }~ ¢[v], since, for example,

M (x #y — Ray)v(z/ - 1)].
Check this!

(2) Similarly, if we take the situation of Example but now with constant
valuation v(z) = 1 for all x € X, we find that M [~ ¢[v] since, for example,

M (z # y — Ray)lv(z/0)].

At the start, it is best to work directly from the definition of satisfaction, but
before long we will be able to relax a bit and work in a more informal—and more
straightforwardly mathematical—way. This is the great benefit of semantics, after
all.

Notes 1.13. (1) If a formula ¢ is satisfied in M for any valuation v, we simply
write M |= ¢ and say that ¢ is true in M, or that M believes ¢.

(2) If we fix M, the truth value of a formula ¢ under valuation v will only
depend on the values of v on variables that occur free in ¢. That is, if
¢ has free variables in the list z1,...,x, and valuations v and v’ satisfy
v(z;) =v'(x;) for i = 1,...,n, then

M = ¢[v] if and only if M | ¢[v'].
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(3) As a very simple corollary of (2), if ¢ is a sentence—it contains no free
variables—the choice of valuation has no effect whatsoever: either M = ¢

or M = —¢.

1.2. Theories and Models. In the remarks following Example[I.3] we noted that
we often wish to restrict to structures that interpret the symbols in some useful,
mathematically-sensible way: we may wish, for example, to consider only those
structures for Ly, where the binary function symbol is interpreted as an associa-
tive (or commutative) operation. We do this by restricting our attention to those
structures who satisfy appropriate sentences—axioms, essentially—in the relevant
signature.

Definition 1.14. Fix a signature L.

(1) An L-theory (or theory in L) is a set of sentences in L.
(2) Given an L-theory T, we say that an L-structure M is a model of T if for
any ¢ € T, M | ¢. We denote the class of all models of T by Mod(T)

Many important classes of mathematical structures are models of first-order theories
in the above sense. For example:

Example 1.15. Let L = L.

(1) Recall that semigroups are sets with an associative binary operation. Hence
the class of semigroups can be realized as Mod (7)), where

Tsgp = {Vavyvz[m(z, m(y, z)) = m(m(z,y), 2)l},

where this single sentence encodes associativity of the binary operation.
(2) A monoid is a semigroup with a well-behaved identity element. That is,
the class of monoids is Mod(T},,n), where

Tron = ngp U {Vx[m(x, 6) = m(e’ {E)] } :

(3) A group is a monoid where every element is invertible. That is, the class
of groups is Mod(Ty,,), where

Tgrp =Tmon U {V:cEIy[m(x, Y= 6)] } .

(4) An abelian group is a group in which the binary operation is commutative.
That is, the class of groups is Mod(Ty;) where

Top = Tgrp U {VaVy[m(z,y) = m(y, x)]}.

We say that the above classes of structures are aziomatizable, since it is possi-
ble to write down a first-order theory that completely characterizes thenﬂ Cer-
tain classes, though, are not axiomatizable: there is no first order theory T so
that the objects of interest are precisely the models of 7. We will discuss non-
axiomatizability, along with a number of examples, in more detail in Chapter
concerning the Compactness Theorem for first-order logic. For now, we simply
note that even in the relatively simple world of groups, there are non-axiomatizable
classes:

2Moreover, they are finitely axiomatizable, in the sense that their theories are finite
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Example 1.16. (1) A group is said to be torsion (or periodic) if every element
is of finite order; that is, for every element a, there is a natural number
n > 1 such that ™ = e. The class of torsion groups is not first-order
axiomatizable!
One can begin to see the obstacles to axiomatization. The most (only?)
obvious way to capture the finite order property is via an expression like

Vx(x:e\/xg:e\/x?’:e\/~-\/x”:e\/...) :Vx( \/ x”ze)

n>1
but this involves an infinite disjunction, which is not allowed in finitary
first-order logic! For us, sentences must be finite.

You might wonder if there is a clever way around this problem—there is
not, but we won’t be able to show this rigorously without the Compactness
Theorem, which is well in the future.

(2) Far more simply, the class of finite groups (that is, those containing only
finitely many elements) is not axiomatizable!

The most obvious way to capture this would be via a sentence like

Jqiz(x = 2)V3<oz(z = z)VIcsz(z = 2)V- - VIcpz(z = 2)V- - - = \/ (F<nz(z =2))
n>l
where J<,, is the counting quantifier “there exist at most n...” discussed
previously.

Here again, we have an infinite disjunction, which is not available to us;
here again, we will need the Compactness Theorem to be sure that there is
no alternative way to axiomatize the class.

1.3. Validity. We now consider a special class of L-formulas that are always true,
regardless of the L-structure or valuation.

Definition 1.17. We say that a formula ¢ in L is valid if for any L-structure M,
M = ¢. In this case, we write

=0

Valid formulas are, in a strong sense, an analogue of the tautologies of propositional
logic. Indeed, many of the classic examples of valid formulas arise directly from
those tautologies.

Fact 1.18. (1) If @ is a propositional tautology with propositional variables
Plye--yPn, and ¢1,...,0, are L-formulas, the L-formula ¢ obtained by
replacing each p; by ¢; in ® is logically valid.

(2) For any L-formulas ¢ and 4, the following formulas are valid:

[(Vzg) vV (Va)] — Va (o V )
Jz(¢ A ) = [(Fze) A (Fzy)]
(3) Let ¢ and ¢ be L-formulas. If 2 does not occur free in ¢, the following
formula is valid:
(Vz(¢ = ) = (¢ = Varp).

If x does not occur free in 1, on the other hand, the following is valid:

(Ve (¢ = ) = (Bad — ).
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Proof. We leave most of the proof as an exercise.

(1) Although a formal proof may require an induction, the idea is relatively
clear: whether M = ¢[v] is determined by the truth values of the ¢;
relative to M and v, in precisely the same way that the truth value of ®
is determined by those of the p;. Notice that v induces a propositional
valuation u, on the p; as follows:

1 M E ¢ilv]
wo(pe) = { 0 if M I 64[0]
Since ® is a tautology, it is true under w,, so we would expect M = ¢[v],
as well.

(2) The proof is simple, but worth writing down for practice.

(3) We prove that the second formula is valid. Let M be an L-structure and
v a valuation. Suppose M = Vz(¢p — 9)[v] and M = Jxg[v]: we wish to
show that M = ¢[v]. The second of our assumptions means that there is
some a € M with M |= ¢[v(z/a)]. The first means that for any element of
M, including a, M |= (¢ — ¥)[v(z/a)]; that is, whenever M |= ¢[v(z/a)],
M = Ylv(x/a)]. We have already assumed that M = ¢[v(x/a)], so, indeed,
M = yv(x/a)]. Since & does not occur free in 1), changing the value on z
to a has no effect: by Fact[[.18(2), M |= ¢[v(z/a)] if and only if M = 9[v].

So we are done.

O

We now turn to the crucial, related ideas of semantic consequence and equivalence.

Definition 1.19. Given L-formulas ¢ and v, we say that ¢ is a semantic conse-
quence of ¢, and write

dEY
if for any L-structure M and valuation v,
M = ¢[v] implies M = ¥v].
This is sometimes referred to as logical consequence, but this is ambiguous.

Definition 1.20. We say that L-formulas ¢ and 1) are semantically equivalent (or,
sometimes, logically equivalent) if both

¢ =1 and ¥ = ¢.
In this case, we will write ¢ = 1.
Both of these notions should be remind you of similar ideas from propositional
logic!
Example 1.21. For any formula ¢, =Vz¢ is equivalent to Jx—¢; that is,
V¢ = Jx¢.

Proof. Suppose M and v are such that M = (=Vz¢)[v]. Then M [£ (Vao)[v],
so it is not the case that for all a € M, M |= ¢[v(z/a)]. So there must be some
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b € M with the property that M [~ ¢[v(z/b)]. Hence M = —¢[v(x/b)], and thus
M = (3z—¢)[v], meaning that

ﬂV!L‘(ﬁ ): 3.%‘—@.

The other direction is similar. O

Example 1.22. Similarly to the above example, we have the following semantic
equivalences:

—dz¢ = V¢
Jxgp = V¢
Vrp = —Jx—¢

Va(¢ Ap) = (Veg) A (Vaip)
dz(p V) = (Fze) V (Fz¢))

Fact 1.23. As in the propositional case, for any formulas ¢ and 1,

(1) ¢ =14 if and only if E ¢ — 1.
(2) = if and only if = ¢ > ¥

In the next chapter, we will develop the formal deductive system of first-order logic,
including notions of provability (- ¢) and provable equivalence (- ¢ <> 1)). As we
go, think about the relationship between provability and validity, and between
provable equivalence and semantic equivalence. Ultimately, these questions will be
resolved by Godel’s Completeness Theorem in Chapter A which tells us that these
syntactic and semantic notions match up perfectly!

1.4. Substitutability. We close this chapter with an important technical detail:
the conditions under which a term is substitutable in a formula, in a sense that it
can replace free occurrences of a variable without destroying the meaning of the
original formula.

Notation 1.24. Given a formula ¢, variable z, and term 7, we denote by

G (T)

the formula obtained by replacing every free occurrence of = in ¢ with the term 7.

In some cases, it is safe to do this; in others, not safe. So we must be careful.

Definition 1.25. We say that 7 is substitutable for x in ¢ if no variable in 7
becomes bound in @, (7).

Example 1.26. Let L = L,y,... Consider the formula

¢=(z#0— Jy(Sy =x))
and term 7 = SSy. Then
¢(1) = (SSy # 0 — Jy(Sy = SSy)).
Clearly the y in 7 has become bound by the existential quantifier in the consequent

of the conditional, so 7 is not substitutable for z in ¢.

This is a real problem, as the sense of the sentence has changed dramatically:
Before: “If z is nonzero, it is a successor.”
After: “If y is not the second successor of 0, its successor and second successor are
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equal.”
These are very different statements.

The result of the substitution in the example is certainly not a special case of ¢. If
T is substitutable for = in ¢, on the other hand, the formula ¢, (7) will be a special
case of ¢.

Proposition 1.27. If ¢ is a formula, x a variable, and 7 a term substitutable for
x in ¢, then

(1) E (Vzg) = ¢a(7).
(2) F ¢2(r) = (Fzg).

Proof. (1) Fix M and v. If M = (Va¢)[v], then for all a € M,
M= ¢lv(z/a)).
Set a = 7[v], the value of 7 under the valuation v. Then
¢lv(z/a)] = olo(z/T[v])] = ¢u(7)[0]-
So M = ¢, (7)[v], meaning that
M= ((Vaeg) = ¢a(T))[v].

(2) Similar to the above. We leave this proof as an exercise.

Notation 1.28. We can carry out multiple substitutions as well:

¢x1,...,xn (717 cee aTn>

denotes the result of substituting 7, . . ., 7, for original free occurrences of x1, ..., x,.
As we will discuss near the end of Chapter [2| this kind of substitution cannot (gen-
erally) be done iteratively—that is, ¢4, . 4, (71,...,7,) may not be the same as

(o (P21 (T1))an (2) -+ ) (T)-

In particular, there is some chance of variable confusion (if, for example, x2 occurs
in 71), but we can always fix this by replacing 1 .. ., x, by completely new variables
Z1,...,%n that do not occur in ¢ or in the terms 7;. We will address this in detail
at the end of Chapter

Definition 1.29. If 7 is substitutable for = in ¢, we say that ¢, (7) is a substitution
imstance of ¢. More generally, we say that a formula ¢’ is a substitution instance
of ¢ if there are terms 7,...,7, substitutable for zi,...,z, in ¢ such that

(b/ = ¢Z1,...,$n (Tl7 e )T’I’L)'

We will return to this notion in the next chapter.

The validities in Proposition [I.27] are very important, and will form part of the
axiomatics of the formal system of predicate logic, to which we turn in the next
chapter.

Chapter [1] Exercises
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Exercise 1.1. A sentence is a formula with no free variables.
(i) Find a language in which there are quantifier-free sentences.

(ii) Show that if ¢ is a sentence and M a structure, either M = ¢[v] for all
valuations v, or M = ¢[v] for all valuations v.

Exercise 1.2. Let L be the signature of the natural numbers with successor, i.e.
L = (e, S, R), with S a unary function symbol, and R a binary relation. Consider
the following structures:

e My: My =N, eM =0, SMi(n) =n+1 for all n € N, and RMimn iff
m < n.

o My: My =N, eM2 =3, SMz2(n) = 2n for all n € N, and RM2mn iff n is
divisible by m.

(i) Compute the value of the terms 7 = SSe and 7" = SSSz in each structure
under the valuation v : X — N with v(y) =1 for all y € X.

(ii) Compute the truth value of the following atomic formulas in M; and My under
the same valuation v as above:

¢1: SSe=z

¢p2: Sz=y
¢3: RS(e)SS(x)

(iii) Which of the following sentences are true in My, and which in Ms?
Yr: Va(r # e — Jy(Sy = x))
Y9 1 VaIy(Rxy A RyS(x))
g . —Jz(Rze)
Exercise 1.3. Consider the language of (semi)groups, L = (e,m), and the L-
structure M with M = Z, eM =0, and m™(p,q) =p +q.
(i) Let ¢ be the formula 3z(m(z, z) = y)). Find valuations v so that (a) M |= ¢[v]
and (b) M }= ¢[v].
(ii) If M’ has M’ =R, and interprets e as 0 and m as addition, is it the case that
M = ¢?
(iii) Is the formula VaVy(m(x,y) = m(y,x)) valid? If not, give an example of a

L-structure in which it is false.

Exercise 1.4. Let L be a signature with two unary relation symbols, P and L.
Two of the following formulas are valid, two invalid. Find the valid formulas, and
justify your conclusions. For each invalid formula, find a structure (and valuation,
if necessary) where the formula is falsified.

(i) Ye(Pz — Lz) — Jx(Pz A Lx)

(ii) “Va—(Px) — JzPx

(iii) Vo (Px A Lz) — (Yx(Pz) AVz(Lx))
(iv) Yz(Pz V Lz) — (Vz(Px) V Va(Lz))
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Exercise 1.5. Prove that, for any propositional tautology ® with propositional
variables pi1,pa,...,p, and any formulas ¢1, ¢o,..., ¢,, the first-order formula ¢
obtained from ® by replacing each p; with ¢; is valid.

2. FORMAL SYSTEM OF FIRST-ORDER LOGIC

As we did in the case of propositional logic, we will give a complete description of a
system of deduction and provability for first-order logic. Again, this description will
be purely formal, defining these notions in terms of the manipulation of symbols,
without regard for their potential meanings. Semantics of the kind considered in
the previous chapter will not reappear until Chapter

Formal language: The basic vocabulary consists of

(1) Logical symbols: We will use connectives = and —, and the quantifier V.
This is enough: any formula is equivalent to one expressed with only these
logical symbols (see the exercise below).

(2) Nonlogical symbols: Unless otherwise specified, we will always include the
equality sign =. Beyond this, as discussed, we have a signature, consisting
of a set of contant symbols, C, function symbols, F, and predicate symbols,
R, along with a countably infinite set of variable symbols, X.

(3) We generate terms and formulas from this basic vocabulary as described
before.

Axioms:

(1) Propositional schema: Let ¢, ¢, and n be L-formulas. The following are
axioms:
(a) ¢ = (Y = ¢)
(b) [¢ = (@ = n)] = [(¢—=v) = (¢ —=n)
(©) [(=¢) = (=¢)] = (¢ = ¥)
Notice that these are precisely the axioms of propositional logic!
(2) Quantifier scheme: Let ¢ and ¥ be L-formulas, and z a variable with no
free occurrences in ¢. Then we take

[Vz(¢ = ¥)] = [¢ = (Vay)]
to be an axiom.

Remark 2.1. The condition on free occurrences of z is critically important.
Take ¢ =1 = (x > 0) in Lgyee. If we were to consider the quantifier schema
above in this case—although we definitely shouldn’t, since = occurs free in
¢—we would have

V(x>0 — x> 0) = (x>0 — Va(z > 0)).

The antecedent is true in any interpretation, but we can easily find struc-
tures in which the consequent is false. This means that this instance of the
scheme would falsifiable, which we absolutely cannot have with any of our
axioms.

(3) Substitution scheme: Here we take one of the validities from the end of
the last chapter as an axiom scheme: if ¢ is an L-formula, x a variable, and
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T a term substitutable for z in ¢,
(Vag) — ¢o(T)

is taken to be an axiom. Here again, the condition that 7 be substitutable
for z in ¢, in the sense of Definition [1.25] is essential—substituting blindly
may, as already discussed in Example [[.26] lead to disaster.

As a very important special case of this axiom scheme, we have the instance
where 7 = x itself:

Vep — ¢

is included among the axioms for all ¢ and z.

(4) Equality schema: We include a few additional schema to ensure that the
equality sign behaves as it should, and that function symbols and relations
symbols are well-defined relative to the relation of equality. To handle the
first problem, given any terms 77, T2, and 73, we have axioms

(a) 71 =T1.
(b) TL = T2 <> T2 = T1.

(C) [7’1 =To NTg = 7'3] — T1 = T3.

(d) For any f € F of arity n, and variables x1,...,2n,Y1,. . .,Yyn, we have
axiom

(r1=y1—> (@2=y2o— ...(xn=yn = fr1...2n = fy1.. . Yn)-..)).

(e) For any R € R of arity n, and variables x1,...,2,,Y1,. .. ,Yn, We have
axiom

(t1=y1 = (t2=y2—...(@n=yn = [Rx1...2n = Ry1 ... yn])...)).

Rules of inference: As with the propositional calculus, we would like to keep our
inference rules minimal. In this case, we take

(1) Modus Ponens (MP): For any formulas ¢ and v, given ¢ and ¢ — 1,
we may conclude .

(2) Generalization (Gen): From any formula ¢, we may conclude Vx¢ (for
any variable z!).

Remark 2.2. Proof theorists tend to present rules of inference like those above in
the following visual form:

¢, ¢~ (MP) ¢ (Gen)
G Ve
Here the hypotheses are listed above the horizontal line, with the conclusion below.

Especially in deductive systems with a richer supply of inference rules, this way of
organizing information can be very advantageous.

Definition 2.3. A proof of an L-formula ¢ consists of a finite sequence of L-
formulas

¢17¢27"'7¢i7"'7¢n:¢7

where each formula ¢;, i =1,...,n, is either

(1) an instance of an axiom scheme of predicate logic, or
(2) follows from ¢1,...,¢;—1 by Modus Ponens or Generalization.
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If there exists a proof of ¢, we say that ¢ is provable, and write
Fr ¢.

We may also say, in this case, that ¢ is a theorem of predicate logic.

More generally,

Definition 2.4. Given a collection of L-formulas T and an L-formula ¢, a proof of
¢ from T is just as described above, but in clause (1) ¢; may be either an axiom
of predicate logic or an element of T'. If there is such a proof, we say that ¢ is
provable from T, and write

TFr o

Remark 2.5. When there is no chance of confusion about the language, we omit
the subscript L, and simply write - ¢ or T F ¢ to indicate provability.

Remark 2.6. All of the theorems of propositional logic are theorems of predicate
logic; that is, if ¢ is a propositional tautology in propositional variables py, ..., py,
and x1,...,Xxn are L-formulas, then

F ¢(p1/¢17 cee 7p71/XTL)
That is, the formula obtained by replacing each p; by x; is a theorem of predicate
logic.

Example 2.7. We work in L = Lgyc.. The propositional formula ¢ = (p; A pa) —
p1 is a tautology. Take y; = Sz # 0 and 2 = Sz > 1. Then

b ((Sz #0) A (Sz > 1)) — (Sz #£0).

Theorems obtained in this way are essentially trivial, though. Slightly less trivial
are those theorems that can be proved just using the propositional fragment of
predicate logic:

Definition 2.8. If a formula ¢ can be proven from a collection of formulas T" using
only the propositional axioms and the inference rule Modus Ponens, we say that ¢
is a tautological consequence of T.

Still, there are far more fish in the provable sea. Before we begin to develop a library
of useful theorems, we perform a necessary sanity check: we show that nothing we
prove can ever be false.

Theorem 2.9 (Soundness). Any provable L-formula ¢ is valid:
Fo = ¢.

Proof. Suppose that ¢ is provable, with proof

¢17¢2;-~-7¢n:¢'

We will show by induction that for any L-structure M such that M = ¢; for all
j < i—that is, M believes each ¢;, independent of valuation—then M |= ¢;. For
definiteness, we fix a valuation v.

To that end, suppose that M and v are such that M = ¢;[v] for all j < 4.

e If ¢; is a propositional axiom, then clearly M = ¢;[v].
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e If ¢; is an instance of the quantifier axiom scheme, it must be of the form

Va(d = ) = (¢ — Varh.

for some ¢ and 1. It is easy to verify that any such formula is valid.
o If ¢; is an instance of the substitution axiom scheme, it must be of the form

Va — (1)
for some L-formula v and term 7. We proved that any such formula is valid
in Proposition [T.27(1).

o If ¢; is an equality axiom, it is clearly valid: unless we are willing to tolerate
a descent in madness, we will make our structures interpret = in a sensible
way.

o If ¢; follows by Modus Ponens from earlier formulas, say ¢; and ¢, j, k <1,
then without loss of generality, ¢ = ¢; — ¢;. By the induction hypothesis,

M= ¢j[v] and M |= (¢; = ¢:)[v]
By the definition of the satisfaction relation,
M = ¢;[v]
and we are done.

o If ¢; follows by Generalization from some earlier formula ¢;, then ¢; =
Vz¢;. By the induction hypothesis, M |= ¢;, so in particular we have

M = ¢jlv(x/m)]
for any m € M, meaning that M |= Vag[v]. So we are done.
(I

Remark 2.10. This theorem is often referred to as the Correctness Theorem,
instead, as it reassures us of the correctness of the deductive system: if we can
prove it, it must be true.

There is an easy extension of the Soundness Theorem, as stated above:

Theorem 2.11. Let T be a collection of L-formulas and ¢ an L-formula. Then

ThHe¢ = TE¢.

Ultimately, what we really want is, as in the case of propositional logic, the converse
of this result: completeness of the deductive system. This will have to wait until
Chapter

We close with a series of useful facts, derivable in the deductive system described
above, that help us drastically shorten our formal proofs. As they themselves are
established via formal proofs, this will also allow us to get a little practice using
our deductive system.

We begin with a few propositional tricks, whose proofs are left as an exercise. In
each case, we indicate the abbreviation we will use when referring to these derived
inference rules in the the course of our proofs.

Lemma 2.12. Let ¢, ¥, and x be formulas. Then we have:
(1) (Contra, short for “contrapositive”) If F ¢ — 1, then = ) — —¢.
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(2) (Comp_,, short for “composition of implication”) If - ¢ — ¢ and - ¢ — ¥,
then - ¢ — .

Lemma 2.13 (VRule). If- ¢ — ¢ and = does not occur free in ¢, then - ¢ — V).

Proof. We proceed via a formal deduction, assuming, in line (1), that k- ¢ — -

1) Fo—9 Assump
(2) FVz(p =) Gen (1)
(3) Vz(p = ¢¥) = (¢ = Voyp) Axiom
4) Foé—Vay MP (2), (3)
This completes the proof of the lemma. O

Lemma 2.14 (JRule). If - ¢ — 9 and x has no free occurrences in 1, then

F (3z¢) — ¢.

Proof. We give a formal proof here as well:

(1) Fo—=v Assump.
(2) F(p—=9) = (Y — —9) Taut(ology)
(3) - — ¢ MP (1), (2)
(4) F ¢ — Ve VRule (3)
(5) F (- = Ve¢) = (-Vo—¢ — ) Taut
(6) F—Vamp = MP (4), (5)
Rewriting the antecedent of the last line, we have Jx¢ — . ([l

The next rule is gives the converse of the substitution axiom:

Lemma 2.15 (Unsub). If ¢ is a formula, x a variable, and 7 a term substitutable
for z in ¢, F ¢, (1) — Jxo.

Proof.

(1) FVz=¢p — —¢y(7) Axiom

(2) F-=(Vz—g) = Ve-¢  Taut

(3) F -(¥z) = ~6s(r) Comp., (1),(2)
(4) F—=3xgp — ¢y (1) Rewriting (3)
(5) F @u(r) = Jxo Contra (4)

Lemma 2.16. Let ¢ and ¥ be formulas.

(1) (IDist) If - ¢ — 4, then - Jxg — Jxeh.
(2) (VDist) If - ¢ — 4, then b Va¢ — Vaip.

Recall that a formula ¢’ is said to be a substitution instance of a formula ¢ if it is
of the form

(bzl,m,:rn (7_17 ey Tn)
where each term 7; is substitutable for z; in ¢.

Lemma 2.17. Let ¢’ be a substitution instance of ¢. Then
Fo =F¢.
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Proof. We proceed by implicit induction on the number of substitutions, n.
Case n = 1: Then ¢/ = ¢,(7). Then

(1) ko Assump.
(2) FVzo Gen (1)

(3) FVzp — ¢.(r) Axiom

(4) F ¢a(T) MP (2),(3)

Larger n: We would like to simply proceed using the base case above, obtaining
P,y (T1s o o5 Ti)
by iterative substitution, as
Gz, (11) ~ (@0, (T1))as (T2) > oo > (o (D24 (Tn))aa (T2) - ), (T)

but, as already mentioned, this iterative process may lead to a different end result:
To might contain variables in 71, and so on.

We fix this through a two-stage process. First, we choose variables z1, ..., z, that
do not appear in ¢ or 7, ..., T,—because we have allowed ourselves infinitely many
variables, this is possible. We rename the variables x1,...,z, to z1,...,2,. Using
the base case, we have inferences

Fo

F ¢961 (zl)

'_ ¢m1,x2 (Zla 22)

}7 ¢z1,...,xn (Zlv M) Zn)

Set ¥ = ¢gy... 2, (21,...,2,). We have ensured that it is now safe to substitute,
iteratively, the terms 7; into . In particular, we have

F

F wzl (Tl)

= ¢x1,3¢2 (Tl7 T2)

+ 1b$1a-~y1n (Tla cee 7Tn)
That is, - ¢'. -

As an aside, we consider the following natural question: under what conditions does
the converse of Lemma hold? That is, when does provability of a substitution
instance of a formula ¢ imply provability of ¢? Only in a very special case:

Theorem 2.18. Let T be a set of L-formulas, and ¢ an L-formula with variables
Z1,...,x,. Consider a language L' O L containing new constant symbols c1, ..., c,.
Then

Tty ooy, w,(C1,...,¢,) if and only if T' 1, ¢.

Proof. (<) This is precisely Lemma

(=) Suppose that T Fr/ ¢y, 4, (c1,...,cn)—in the interest of brevity, we denote
by ¢’ the L'-formula ¢, ., (c1,...,¢,). Then there is a proof ¢i,...,¢,, = ¢/,
where each formula is in L’. We need to convert this into a proof in L. To that
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end, take variables yi,...,y, that does not occur in ¢,...,¢,,, and replace all
occurrences of ¢; in the gb; by y;, 1 <4 < n. The result is a proof

¢17 .- '7¢m = ¢11,-~~71n(y1’ te 7yn)

So T Fr burwn (Y1s---,Yn). Since ¢ is a substitution instance of this formula,

Recall from an earlier exercise that we define:

Definition 2.19. Given a formula ¢ with free variables z1, ..., z,, the closure of
¢ is the formula
Vap...Ve,o.

Lemma 2.20. For any set of formulas T' and formula ¢, if ¢’ is the closure of ¢
we have:
T+ ¢ if and only if T+ ¢'.

Proof. We have already proved the “if” direction, by induction. The “only if”
direction follows by iterated Generalization. O

This sequence of lemmas leads to a very important conclusion: the Deduction
Theorem for first-order logic. This resembles the analogous result for propositional
logic, and the proof is strikingly similar—there are just a few more details to attend
to.

Theorem 2.21 (Deduction Theorem, DT). Let T be a set of formulas, and ¢ a
closed formula—that is, ¢ contains no free variables—and ¢ an arbitrary formula.
Then

TkH¢—if and only if T, ¢ - 2.

Proof. We can almost use the same proof as the Deduction Theorem for proposi-
tional logic: there is just one additional case to consider in the proof of the direction

T.oFvyY =TkF¢— 1.

As in the earlier proof, we suppose that T, ¢ - 1)—that is, there is a proof ¢1, ..., ¢, =
1)—and prove by induction that T+ ¢ — ¢; for all 1 < ¢ < n. Suppose that this
is the case for all 7 < j. Beyond the cases addressed in the earlier proof, we must
consider the possibility that ¢; arises from an earlier formula by the new inference
rule, Generalization. That is,
¢j = Vg,

for some i < j. By the induction hypothesis, T+ ¢ — ¢;. Since ¢ is closed, x
certainly does not occur free, so we can use the VRule to infer that T+ ¢ — Vxo;;
that is, T F ¢ — ¢;. This completes the proof of the (new, more complicated)
induction step. O

Remark 2.22. It cannot have escaped your notice that the formal language we
have developed, which uses only the logical symbols —, —, and V, is not the most
natural way of expressing ideas—consider, for example, the nested conditionals in
the equality axioms. It is an easy exercise to show, by induction on complexity
of formulas, that any formula built from the full complement of connectives and
quantifiers is provably equivalent to one built just using this restricted set.



ELEMENTS OF MATHEMATICAL LOGIC 19

The cost of allowing more logical symbols in the language is the need for additional
rules of inference.

Chapter [2] Exercises

Exercise 2.1. Given a formula ¢, we define its (universal) closure ¢’ to be the
formula obtained from ¢ by adding a universal quantifier Vx for each variable x free
in ¢. For example, if ¢ is Jy(Rzy), ¢’ is VeIy(Rzxy). Prove that - ¢’ if and only if
F ¢. (Hint: each direction will require an induction on the number of free variables
in ¢).

Exercise 2.2. Prove each of the following deduction rules, which describe, roughly,
the distributivity of quantifiers over implication.

(VDist) If - ¢ — 1, then b (Vzd — Yau)).
(IDist) If + ¢ — o, then - (Jzd — Fzv)).

Exercise 2.3. We say that a set of first-order formulas T is satisfiable if there is a
structure M and valuation v so that M |= ¢[v] for all ¢ € T.

(i) Show that {¢1, d2,...,0n} E & iff {¢1,d2,...,Pn, "¢} is not satisfiable.

(ii) Using correctness of the deductive system, show that if {¢1,¢a,..., 0} F &
then {¢1, da, ..., Pn, 7d} is not satisfiable.

(iii) Let L = Lyyq. Using (ii), show that it is not the case that
{ Vz(x <z), VaVy(lx <yny<z] -z =1y), VaVyVz([z <yAy<z]—oz<z) }
F VaVy(z <y — Izlz <zAz<y])

where © < y is an abbreviation for x < y A z # y. That is, not every partial order
is dense.

Exercise 2.4. Fill in the missing details of the following proofs:
(i) For any ¢ and z,y, F JaVyé — VyIze.

(1) Sub. Axiom
(2) IDist (1)
(3) Quant. Axiom (2)
(ii) For any ¢, and z, - (V¢ — Fzp) — Tz (dp — ).
1) Fio—=(o—=19)
(2 F IDist (1)
B) F(¢)—= (=)
4) F JIDist (3)
(5) F Taut.
(6) FVaz(-—¢) = Vago VDist (5)
(7))  F=Vagp — —Va(-—9¢)
(8)  F —=Va¢p — Jz(—¢)
9) F Comp. (4),(8)
(10) + (Fzyp — Fx(op — ¥)) Taut

= [(=Vz¢ — Jz(¢ — ¥)) = ((Vod — Jzp) = Ja(d — ¢))]
(11) MP (x2)
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(iii) For any ¢,v and z, b Jz(¢p — ¢) = (Vad — Jxip).

(1) Sub. Axiom
(2) Vaot ¢ DT (1)

B) Fo—=((o—=1) =)

(4) Vaot (¢ =) =9

(5) IDist (4)
(6)  Jz(¢p — ), Voo b Jaip

(7) DT (6)

(8) DT (7)

(iv) Let L be a language with equality and a binary relation symbol R. Show
F VaVy(z # y — Rxy) — VaVy(Rzy — Ryx)

(1)  FVy(z#y— Rry) — (z #y — Ray) Sub. Axiom
(2) FVaVy(z #y— Rxy) — Yyl #y — Rxy)

3) F Comp. (1),(2)
(4) VaVy(z #y — Rzy)F z #y — Ry

(5) VazVy(x #y — Rxy)Fy # x — Ryzx Instance (4)
(6) Fy=z— (Rxy— Ryx) Axioms of =
(7)  VaVy(x #y — Rxy) F Rxy — Ryx (Long) Taut.
(8) Gen. (7)

(9) VaVy(x #y — Rzy) - VaVy(Rzy — Ryx)

(10) F

Exercise 2.5. Let L be the language of the natural numbers with successor, i.e.
L={(S,e,R).

(i) Complete the following proof that

r=ekx=>_Se

(1) z=ebtxz=e

(2) z=ekFVz(x=e)

(3) Sub. Axiom
(4) z=eFSe=e MP (2), (3)
(5) x=ebxz=>S8e

(ii) Show that ¥ z = e — 2 = Se. (Hint: show that the closure of x = e — = = Se
is not valid.)

(iii) Why do parts (i) and (ii) not contradict the Deduction Theorem for first-order
logic?

Exercise 2.6. Definition: We say that a set of formulas T is consistent if there
is no formula ¢ such that T F ¢ and T+ —¢.

(i) Show that T is inconsistent iff for any formula ¥, T + 1.
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(ii) Show that for any set of formulas T" and formula ¢, T+ ¢ iff the set T'U {—¢}
is inconsistent.

Exercise 2.7. Definition: We say that a set of formulas T is complete if it is
consistent and for any formula ¢, either T+ ¢ or T+ —¢.

(i) Give an example of a (nonempty!) incomplete set of formulas in the formal
language of your choice.

(ii) Open-ended question: Is it true that for any set of formulas 7' in a given
language L, there is a complete set T' D T7

3. PRENEX FORMS

Our goal now is to prove the following: any formula ¢ is provably equivalent to a
formula ¢’ of the following very specific form:

lel e Qn‘rnw

where

(1) ¢ is quantifier-free (or, to be completely technically correct, contains only
bounded quantifiers—we will not consider this possibility).

(2) Each Q; isJor Vfor 1 <i<mn.

(3) The variables x1, ..., x, are distinct.

Definition 3.1. We say that the formula ¢’ described above is in prenex form. We
refer to the string of quantifiers Q1x1 ... Q,xz, as the prefiz of ¢’; we call ¢ the
matriz of ¢'.

Our approach will be simple, in principle: we will, very carefully, pull all of the
quantifiers out of the formula. We will need to do a great deal of work, though, to
describe just how this process is to be carried out, and to ensure that the result is
provably equivalent to the original formula.

3.1. Rewriting Rules. We begin with a few basic results. For example, please
recall the following;:
Fact 3.2. For any formula ¢, if ¢’ is the closure of ¢,
F ¢ if and only if - ¢'.

It is also very easy to prove the following:
Fact 3.3. For any permutation 41,...,4, of {1,...,n},

FV2y... Ve,¢ < Vo, ... Vo,

F 3z ... 3z,¢ < 3z, ... 32,

That is, we can swap any two (or more) universal quantifiers, and any two (or more)
existential quantifiers. Important: we cannot, in general, swap an existential and
a universal quantifier!
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Theorem 3.4 (Equivalent Replacement). Say ¢’ can be obtained from a formula ¢
by replacing subformulas x1, ..., Xn of @ by x4, ..., xb- IfFxi < x} for 1 <i < mn,
then

Fo< o

The essential idea of the theorem is that if we replace pieces of a formula by provably
equivalent pieces, the result is provably equivalent to the original formula.

Example 3.5. Let ¢ be the formula Vz [-—7m — Jy(z £y V ¢)]. Take x1 to be
——m, and x2 to be x # y V 1. Consider

Xp=m and  xh=(z=y =)

Clearly, - x1 < x} and F x2 <> x5, so the theorem implies that

FooVern— Jylz=y— ).

Proof. We proceed by induction on the complexity of the formula ¢.

Base case: Let ¢ be an atomic formula. In this case, there are only two possible
subformulas: ¢ itself, and (J, the empty formula.

e If x = ¢, then the result of the replacement is just ¢’ = x’. Since - x <> x/,
by assumption, it is obviously the case that - ¢ < ¢'.
e If Y = (), then there is no replacement whatsoever, so in fact ¢ = ¢'.

Induction steps:

e Suppose that ¢ = —1), and that the theorem holds for . That is, ¥ <> v’
In particular, - 1 — 1/, meaning that = =)’ — —). Since ¢’ = —)’, we
thus have

F¢ = ¢

The proof of the other direction, - ¢ — ¢', is similar.
e Suppose that ¢ = ¢ — 1, and that the proposition holds for ¥ and 7; that
is,

Fap < q) and Fnen.

In particular, - ¢ — 9 and - — 7. So we have the following formal

proof:
(1) F¢' = Assump
(2) Fn' —=n Assump
(B) F@ =)= [ —=n)— @ —n) Taut
4) F@ —=n)—=Ilm—=n)—> 0 =) Taut
(5) F@ =)= ((—=n)—=[n—=n)— @ —1n)]) Comp_(3),(4)
€ F@—=n)—=[m—=n)—= @ =) MP (3), (5)
(1) Fm—=n)=[W—=n— @ =) Taut... (6)
@) F@—n)— @ =) MP (2),(7)

This means precisely that - ¢ <+ ¢'. The opposite direction, - ¢’ — ¢, is
similar.
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e Suppose that ¢ = V), and that the theorem holds for ¥. Then ¢’ = Vzv)/,
and we know from the induction hypothesis that - 1 <+ ¢’. In particular,
F 1) — 1’. We therefore have

(1) Fy - Assump
(2) FVz( —1') Gen (1)
(3) FVay — Vi VDist (2)

This means precisely that + 1 — 1’. Again, the opposite direction is
similar.

O

Theorem 3.6. Let ¢ and ¢ be formulas and x a variable.

(1) F 3z(—¢) « ~Vag and F Va(—¢) + —Tz.
(2) If x is not free in ¢ and * is one of the connectives V, A, or —,

FVz(px1) < (¢ +x V) and F (¢ ) <> (¢ * Jzep)

(3) If x is not free in ¢,

F3z(y — ¢) « (Ve = @) and F V(v — @) < (Fxp — @)

Proof. (1) We prove the first of the two equivalences:

) Vo Vao Taut

) —Vaxp—Vr—o—g Equiv. Repl. (1)
) —Vao b Jz—g

) F—Veo = Jr—¢ DT (3)

The converse is similar. The second provable equivalence follows by duality.
(2) Say x is not free in ¢. We consider only the case where * is —.

(1) F Ve =) = [(¢ = Vap) = (¢ — ¢)] Taut.

(2) FVay = Sub

(3) F(p—= VoY) — (¢ =) MP (1), (2)

(4) F(p—=v) = Va(d =) VRule

(5) k(¢ = VoY) = V(g — ) Comp_, (3), (4)

It follows from one of our axiom schemes that b V(¢ — ¢) — (¢ — Vau)),
which completes the proof of the first equivalence. To prove the second, we
proceed as follows:

(1) F (@ — 3xy) = (¢ = ) — (¢ — Jatp)] Taut

(2) Fo— 3ayp Sub

(3) F(o—=1) = (¢— 3x) MP (1), (2)
(4) F3z(6 =) = (¢ — Ioy) JRule
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The other direction is slightly more involved.

(1) Fo—(¢—9) Taut
(2) F3Jzp — Fz(v — @) Sub, ADist
3) F (=)= Ix(d— ) Unsub
(4) —¢— (¢ =) Taut
(5) —¢ — Jz(¢ =) Comp_, (3), (4)
(6) F (—¢ — Jx(p — ) Taut
— [Fz¢ = (¢ = ¢)) = ((¢ = Fz¢) = Tz(d — )]
(7) F (¢ — Ja) = u(d — ¢) MP x 2 (2), (5), (6)
(3) For the first equivalence:

(1) F (Vap — @) & (—¢ = Vo) Taut

(2) F(=¢p = V=) « (¢ — —Vz¢d) Equiv. Repl.

(3) F (Vap = ¢) © (m¢ — Jx—) Comp_, (1), (2), Simpl.

(4) F(m¢ = ) < Fz(—d — ) Part (2) of the theorem

(5) FIz(—¢ = ) < Jx(¢ — @) Equiv. Repl.

(6) + (Vav — 6) & Fo(v - ) Comp_,

We leave the proof of the second equivalence as an exercise.
O

Another important tool will be the renaming of bound variables, which is an ex-
tremely common practice in mathematics—as long as we do not create any confu-
sion by renaming variables, we will not change the essential meaning of the expres-
sion. We need to be careful, though:

Example 3.7. We consider possible renamings of the variable y in the formula
¢ = VaTJy(y = Sz) in the language of the natural numbers with successor. If we
rename y to z, we have Vz3z(z = Sz), which is clearly equivalent to ¢. If we
rename y to x, on the other hand, we have Vz3x(x = Sx), which is nonsense at
best, and a contradiction at worst. As ¢ is certainly not a contradiction, this second
renaming is problematic: the new formula we obtain is fundamentally different than
the original.

Definition 3.8. Let ¢ be a formula. We say that ¢’ is a variant of ¢ if it arises
from ¢ by replacing one or more subformulas of ¢ of the form Qz (Q either V or
3) by

where y is not free in 1.

Remark 3.9. This condition blocks the problematic renaming in the preceding
example: in the formula Vaz3y(y = Sx), renaming y to x would involve the sub-

formula Jy(y = Sx)—since x occurs free, we cannot replace y by z. If we did, we
would no longer have a variant of the original formula.

As an easy consequence of Equivalent Replacement (Theorem above),

Corollary 3.10. If ¢’ is a variant of a formula ¢, it is provably equivalent; that is,

Fo< g
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Proof. By the Equivalent Replacement Theorem, we need only verify that the sub-
formulas Qxvy and Qyi,.(y) are provably equivalent, assuming x is not free in 1.
Take @ to be V.

(1) FVayp —1(y)  Sub
(2) FVay — Yy, (y) VRule

We are able to apply the VRule, since z is not free in .

Going in the other direction, notice that = is not free (trivially) in ¥, (y) = x, so is
substitutable for y in x. So, as above, - Vyx — Vax,(z). That is,

= Ve (y) — Vaip.
]

Remark 3.11. The best way to avoid renaming conflicts is simply to use a fresh
variable, which does not occur anywhere in the formula in question!

3.2. Computing Prenex Forms. We are now prepared to show the following:

Theorem 3.12. For every formula ¢, it is possible to build a prenex formula ¢’
with - ¢ <> ¢'.

We give the algorithm, and leave the details of the proof as an exercise (see Exer-
cise below). Some sources may carry out the steps in a different order than we
use here—that is just fine.

Algorithm: Our input is a formula ¢.

(1) Remove unnecessary quantifiers: in any subformula Qz1), delete Q if there is
no free occurrence of x in 1.

(2) “Standardize the variable apart.” Here we rename any variables that occur
both free and bound in ¢. One can begin renaming these variables from the right
or the left: we choose the right.

Example 3.13. Consider the formula
[Va(o(z) = ¢(2))] A Bz ()] A [F20(2)] A [F2(4(2) = x(2))]-

Consider the variable z. We leave its rightmost occurrence (free, in the last con-
junct) as is, then move to the right, systematically renaming other instances of
x:

(Va2 (Pa (22) = da(w2))] A [Fr19p(21)] A [F2¢(2)] A [F2(d(2) = x(2))]-

We still need to fix z. It appears bound in two distinct subformulas, namely the
last two conjuncts. We leave the rightmost as is, but rename z in the other:

[Vz2(pe(22) = du(22))] A [Fz190(z1)] A [F216(21)] A [B2(Y(2) — x(2))]-

The outcome of this step should be a formula in which no variable appears in
multiple quantifiers, and no variable occurs both free and bound.

(3) Get rid of all +»s. Replace any subformula of the form ¢ <> 1) with ¢ — VA —
¢. This is essential, as the rules for pulling quantifiers out of conditionals are clear-
cut (see Theorem , but the situation is hopelessly messy for biconditionals.
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(4) Move all of the negations inward, until they apply only to atomic formulas. For
this we use, recursively, the familiar equivalences that we have already worked out:

-(Vzp) ~  Jrg
=(3zg) ~  Va-g
(¢ =)~ SN0
(V) gAY
“(pAtp) > —pV
- ~ ¢

(5) Move all of the quantifiers to the left, until you hit the quantifier prefix, using
some of our tricks from Theorem for @ either V or 3,

(Qzo) Vi  ~  Qu(dV)
(Qze) Ny~ Qu(oNY)
(Qzg) =~ Qu(p — 1)
o= Qrd  ~ Qu(g — )
Here @ denotes the quantifier dual to Q; that is,
= [V Q=3
Q= { 3 ifQ=V

On a more technical note, if you are interested in minimizing the number of variables
used, there are a few additional tricks:

(3zd) vV Fyy) ~ Fr(dV Py(w))
(Vzo) A (Vzp) ~ V(o Ay (z))

This point will not be emphasized here.

After carrying out steps (1)-(5), you should be left with a formula in prenex form!
Example 3.14. (1) Let P, R, and S be unary predicate symbols, and let
¢ = Va[(JyPy A Vy—Sy) — —(JyPy A Rx)].
Running the algorithm, we have

Vz[(JyPy A Vy—Sy) — =(3yPy A Rx)]

~ Va[-(TyPy A Vy-Sy) V =(IyPy A Rx)]

~ Ve [(Vy—=Py V JySy) vV (Vy—Py V - Rx)]

~ Vz[(Vya-Pys V Jy1Sy1) V (Yy—Py V - Rx)]

~ Y [Vya 3y (- Pya V 3y1Sy1) V Vy(=Py V —~Rx)]
~ VaVya Iy Vy[(=Py2 V Sy1) V (= Py V = Rz)]

~ VaVyaJy1 Yy[-Pys V Sy1 V =Py V ~Rax]

The final line is a prenex form of ¢. Note that we could have pulled the
quantifiers for the y-variables out in a different order, giving (nominally)
different prenex forms of ¢—there is no rule, on the other hand, that would
allow us to pull any of them through the quantifier V.
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(2) If F, G, and H are ternary, binary, and unary predicate symbols, respec-
tively,

=(VaIyF(u, z,y) — Iz (-VyG(y,v) — H(x))
~ Yoy Fu, x,y) A =Jo(-VyG(y,v) — H(z))
~ Yoy F(u, z,y) AVae—(=VyG(y,v) = H(x))
~ VadyF(u, x,y) AVae(Vy—-G(y,v) A —~H(x))
~ Vo Y F (u, 21, y) AV (Vy—G(y,v) A ~H
~s Vo Iy F(u, 21, y1) AVe(Vy—Gy,v) A —H(x))
~ Y3y F(u, 21, 91) A VaVy (-G (y, v) A —H(x))
~ Vo Iy VaVy [ F(u, 21, y1) A =G (y,v) A —H(x))

)
(

z))

(3) Let P, R, and S be binary predicate symbols. Then as an application of
the algorithm, we have the rewriting

Vy(FzPry — JuRyu) — YaSzy

~ Vy(Iz1 Pr1y — JuRyu) — YaSzy

~ Yy1 (Fz1 Pr1yr — JuRyiu) — VoSzy
~ YV [Vy; (31 Pr1y1 — FuRy u) — Say]
~ VoIy; [(3z1 Pr1y1 — FuRy1u) — Say]
~ Vo Iy, [Var (Pziyr — JuRyiu) — Sxy]
~ Vo Iy, [Va Fu(Pri1yr — Ryiu) — Sxy]
~ Vo Iy Vo, [FJu(Priyr — Ryiu) — Sy
~ VoIy, Vo, Ju[(Pr1y1 — Ryiu) — Say]

We will consider further examples in the exercises. In any case, this is the algo-

rithm for reducing a formula to prenex form, which ultimately serves as a proof of
Theorem [3.12]

3.3. Skolem and Herbrand Normal Forms. We now consider a few more
rewriting algorithms that build on the prenex algorithm just discussed:

Skolemization Herbrandization
e Eliminates Js e Eliminates Vs
e Preserves satisfiability e Preserves validity

In each of these algorithms—which are dual to eachother—we simplify the quantifier
prefixes of formulas in a language L by passing to a larger language L’. Model the-
orists SkolemizeEI; proof theorists Herbrandizeﬁ Both have their uses, but Skolem-
ization is rather more intuitive, and more closely connected to tricks we will need
in the next chapter for the proof of the Completeness Theorem—and I am a model
theorist!—so we will devote most of our energy to that variant.

Definition 3.15. We say that a formula is in Skolem normal form if it is in prefix
normal form and contains only universal quantifiers.

3Thoralf Skolem, 1887-1963.
4Jacques Herbrand, 1908-1931. An extremely short, extremely productive mathematical ca-
reer. Made essential contributions to proof theory, in particular.
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Skolemization, which we now describe in detail, is an algorithm that takes as its
input a formula ¢ in prenex normal form, and outputs a formula ¢g in Skolem
normal form (that is, with no existential quantifiers).

The idea of the algorithm is that we can expand our language by a family of new
constant and function symbols that provide witnesses to all existential statements:
if we have a statement of the form “for all x, there is y such that...,” we will incor-
porate a function symbol that gives us, for each x, a y with the desired property.
To be precise, we proceed by cases:

Example 3.16 (Simplest case). Consider a formula 3¢(x) in language L, where
¢ is quantifier-free. We will introduce a new constant symbol (or, if you prefer, a
new 0O-ary function symbol) ¢, to serve as a witness for ¢(z). Set L' = L U {c,hi}.

Remark 3.17. Notice that if M is an L-structure with M =1 Jz¢(z), we can
expand M to an L'-structure M’, interpreting c, as an element of M witnessing
the truth of the existential. So M’ =r/ ¢(cy).

This works in the other direction as well: given an L’-structure M’ with M’ |=
¢(ce), the model M = M | L satisfies M =1, Jx¢(z) since, in particular, M =r,

lep’ /a].
In short, 3z¢(x) is satisfiable if and only if ¢(c,) is satisfiable; that is, Skolemization
preserves (the “only if” direction) and reflects (the “if” direction) satisfiability.

We will often omit the ¢ in the subscript, or choose a more manageable abbreviation,
particularly when there are multiple variable to be replaced in the same formula.
For example:

Example 3.18 (Existential prefix). Consider a formula
JrFzg .. Jepd(xy, 22, .. T0).

We expand the language with a new constant symbol for each of the existentially
quantified variables: L' = LU {cy,, Cy,- -, Cs,, ;- As before, this allows us to con-
sider satisfiability in L’-structures of ¢(cz,, Cay, - - -, Cz, ), rather than satisfiability
of 313wy ... Jxnd(a1, 2o, ..., 2,) in L-structures.

Things are more difficult when an existential quantifier occurs in the scope of a
universal:

Example 3.19 (Universal prefix). Say we have a formula Vz3y¢(z,y); that is,
“for all x, there exists a y such that...” Here the value of y witnessing the truth
of the existential will depend on the value of z: for every z, a potentially different
y. In short, we should think of our witnesses as being supplied by a function of z!
To that end, we introduce a new unary function symbol fs to the language, and
identify

VaIyp(x,y) with Ved(x, fo(z)).
In case the existential is in the scope of multiple universals, we proceed similarly:
given

Va1V .. Ve, yod(xy, 1, ..., Ty, y)

we add an n-ary function symbol f4, and replace the original formula with

Vo Ve .. Ve, o(z1, 21, .. . T, fo(T1,22, ..., T0))
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Remark 3.20. By an argument like the one in Example one can show satis-
fiability is preserved and reflected by these rewritings, as well.

In general, we may have more complicated alternations of quantifiers, in which case
we will need a combination of the techniques above.

Example 3.21. (1) Consider, for example, the formula
¢ = JaVy3zg(z,y, 2).

We work our way in from the left. First, we have an existential which is
not in the scope of a universal: we add a constant c,, arriving at

Vy3Izd(ce,y, 2).

The only remaining existential quantifier is in the scope of the single uni-
versal quantifier Yy, meaning we must add a function symbol, fs4, and pass
to the formula

Vyd(cz, y, fo(y))-

We have eliminated all of the existential quantifiers, and this new formula—
a Skolem formula—is, by design, satisfiable if and only if 1) is satisfiable!

(2) Consider
’L/) == V$13IQVI3VI’43$5¢($1, T2, T3,T4, 1'5).
Working our way in from the left, the rewriting proceeds as follows:

Va3 VasVey3rsd(rr, 22, ©3, 24, T5)
~ Vo VasVea3esd(xr, foeavasdase(T1), T3, T4, T5)
> V2 Va3Vead (21, fusgvaadess(21), T3, Ta, fo(z1, 23, 24))

Here again, we have removed all of the existential quantifiers, thereby ob-
taining a Skolem formula, in this case by adding a unary function symbol
fzaveadese and a ternary function symbol fg. Note that the subscripts are
very burdensome: once we are confident in our mastery of this process, we
can call the new function symbols by more manageable names, e.g. f and
g. This, of course, will make no fundamental difference!

Remark 3.22. If you would prefer a more unified treatment, you could think of
constants as 0-ary function symbols (in Example 1), for example, we would
use a O-ary function symbol fy in place of ¢;). This allows us to handle the cases of
existential and universal in the same way—Dby adding function symbols—but strikes
me as less intuitive than the version discussed above.

Definition 3.23. We refer to the new function symbols f4 as Skolem functions.
We say that a theory (that is, a set of sentences) is Skolem if there is a Skolem
function for any subformula of ¢ € T. In this case we can eliminate existentials
without changing the language!

Generally, we will need to add symbols, of course. The algorithm gives:

Theorem 3.24 (Skolem Normal Form). Let ¢ be a formula in language L with
no free variables, and in prenex normal form. There exists a Skolem formula ¢° in
a language L' D L, where L'L consists of finitely many new constant and function
symbols, such that ¢ is satifiable if and only if ¢° is satisfiable.
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We say that ¢ is a Skolem normal form of ¢. Skolemization can refer to this
rewriting process for a single formula ¢, or for all formulas in a given theory T'. In
the latter case, we obtain a Skolem theory T°°.

Herbrandization is precisely dual to Skolemization, and involves eliminating uni-
versal quantifiers by expanding the vocabulary. This is far less intuitive, at least
for me, as it preserves and reflects validity rather than satisfiability, but it is very
easy to describe. Our goal is Herbrand normal form:

Definition 3.25. We say that a formula is in Herbrand normal form if it is in
prenex form and does not contain any universal quantifiers.

Notes 3.26. We consider the basic cases of the Herbrand rewriting, as we did for
Skolemization.

(1) A formula with universal prefix Vz1¢(z1) is rewritten as ¢(c1), ¢1 a new
constant symbol. If there are multiple universal quantifiers in the prefix,
we add a new constant for each one.

(2) When a universal quantifier is in the scope of an existential, as in 3x1Vaod(z1, z2),
we add a new function symbol: 3z1¢(x1, gs(x1)). More generally,

JzyFzs .. Jx,Vyd(x1, T2,y o oy Ty Y)
is rewritten as
Jz13zg ... Tz, Yyp(z1, 22, . . -, Ty G (T1, T2, - .., Tp))-
(3) For more complicated alternations of quantifiers, we use a combination of
the above, e.g.
Vo 3woVasdra (e, T2, 3, 74)
~ EI5[:2\7‘%3EI:L’4¢)(CI1 , L2, T3, .’E4)
~ w934 P(Cy, T2, 930400 (T2), Ta)

Dually to Theorem we have:

Theorem 3.27 (Herbrand normal form). If ¢ is a formula in language L, there is
a formula ¢ in L'’ O L, L' \ L consisting of finitely many constant and function
symbols, that is in Herbrand normal form and with the property that ¢ is valid if
and only if ¢! is valid.

An important extension of this theory reveals that universal formulas are contra-
dictions if and only if the contradiction is fundamentally syntactic; that is, we can
obtain a contradiction by the substitution of terms for the universally quantified
variables. To be precise:

Theorem 3.28 (Herbrand’s Theorem). If ¢(x1,...,x,) has z1, ..., z, free, the
formula

Vay .. Ve,o(er, ..., z5)
is a contradiction if and only if there are terms

TN o - SN . RN A L Sl
so that

is a contradiction.



ELEMENTS OF MATHEMATICAL LOGIC 31

It should be noted that this theorem is often (in fact, almost always) stated in
the dual form, where walidity of a purely existential statement in prenex form
is witnessed by a disjunction of substitution instances. Modern versions of the
proof of Herbrand’s Theorem employ the tools of sequent calculus (specifically,
cut-elimination), which is well beyond the scope of this course.

Chapter [3] Exercises

Exercise 3.1. Prove the following:

Theorem: For any formula ¢, there is a formula ¢’ in prenex normal form such
that - ¢ <> ¢'.

(Hint: Proof by induction on complexity of ¢. Clear for atomic formulas. Consider

induction steps: ¢ = —), ¢ = — x, ¢ = Va).)

Exercise 3.2. Convert each of the following formulas into prenex normal form,
where P, @, and R are binary relation symbols, S is a ternary relation symbol, and
T and U are unary relation symbols.

(i) 3xRzy <> VyPzy.

(ii) Yy(JzPzy — Qyz) A Jy(VzRzxy V Qzy)

(iii) Vo (Vy(Vz(Sxyz A Ty) — Ve Pxz))

(iv) =(Vz3yPzy — JaxIyRxy) A Vz(—TyQzy)

(v) (V2IyQzy V JaVyRay) A Ve (-JyQay)

(vi) Jx(Tx AVy(Uy — Quy))

(vii) Vo (Tz = Vy([Ty — (Uz — Uy)] V V2Tz))

Exercise 3.3. Use the prenex rules to prove each of the following:
(i) F Va3y(Tz — Ty)

(ii) F FaVy(Tz — Ty)

(iii) V23y(Tx — Rxy), JxTx + JxIyRxy

Exercise 3.4. Give Skolem and Herbrand normal forms of the following formulas:
(i) 32(Tz AVy(Uy — Qzy))

(i) Ve(Tx — Yy([Ty — (Uz — Uy)] V V=T'2))

(iii) Ya(Vy(Vz(Szyz A Ty) — VrPxz))

(iv) (Vz3yQzxy V FxVyRay) A Ve (—TyQxy)

(v) VaVy[Raxy — Jz(Rxz A Rzy)).

Exercise 3.5. (i) Compute a Skolem normal form ¢ of the formula ¢ = Va3y(x <
y) (with ¢, obviously, in the language of ordered sets).

(ii) Show that ¢ and ¢° are equisatisfiable: there is an L-structure M such that
M = ¢ iff there is a structure M’ in the expanded language such that M’ |= ¢°.

(iii) Show that it is not the case that -1, ¢ < ¢°. That is, ¢ and ¢° are not
logically equivalent.
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4. THE COMPLETENESS THEOREM

We are now in a position to prove one of the most important results in first-order
logic:

Theorem 4.1 (Completeness Theorem, Gédeﬁ). Let T be an L-theory. Then the
following equivalent conditions hold:

(1) For any ¢ € L, T+ ¢ if and only if T = ¢.
(2) T is consistent if and only if it has a model.

The statement (1) reassures us that we can work syntactically or semantically, and
there is no possibility of harm: while soundness tells us that we cannot prove any-
thing that is not true, completeness gives us the converse as well. That is, anything
that is true (semantically) in every model of a theory T is provable (syntactically)
from 7.

The proof of this theorem is a very long project. We will prove statement (2), and
that (1) and (2) are in fact equivalent. We begin with this latter point:

Proof. (1)=(2): Assume (2).

e Say T+ ¢. By soundness, T |= ¢. So we are done.

e Say T |= ¢. Let ¢’ be the closure of ¢. As we have seen, T = ¢’ as well.
This means that for any M =T, M |= ¢’; that is, any model of T believes
@', and does not believe =¢’. Thus the set TU{—¢’} does not have a model.
By (2), then, T'U {—¢'} is inconsistent, from which we infer that T+ ¢'.
By an earlier exercise, T F ¢ as well.

(2)=(1): Assume (1).

e Say T has a model. Then it is consistent, by the Soundness Theorem.

e Say T has no model. Then, vacuously, any model of T satisfies ¢ and —¢
for any ¢. Thatis, T E ¢ and T = —¢. By (1), T F ¢ and T F —¢. Since ¢
was arbitrary, this means that the theory T proves absolutely everything.
That is, T is inconsistent.

O

We now move to the larger task: proving (2). Note that by soundness, if T" has a
model, it must be consistent. This means that we need only prove the converse:

T consistent = T has a model

The antecedent expresses, intuitively, that there is no obstacle to having a model;
the consequent, that there is in fact a model, seems much stronger!

We will require a number of concepts in this proof, some of which will be familiar.

Definition 4.2. Let T be a theory.
5Kurt Godel, 1906-1978. Born in Brno at Pekaiska 3, near Silingrovo ndmeésti. Grew up at

Pellicova 8a, below Spilberk. The most influential logician of the modern era, about whom we
will have much more to say.
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(1) We say that T is complete if it is consistent and for any sentence ¢, T F ¢
or T F —¢.

(2) We say that T is mazimally consistent if it has no consistent extensions:
for any ¢ & T, the sets

T U{¢} and T U {—-¢}

are inconsistent. That is, if we add anything to T', we will get a contradic-
tion.

(3) We say that T is deductively closed if for any ¢ with T+ ¢, ¢ € T. That
is, any consequence of T is already in T

(4) We say that the theory T is Henkin if for any formula ¢(x), there is a
constant symbol ¢ such that T F Jzd(x) — ¢(c). We think of ¢ as a witness
to the truth of the existential formula 3p(x). We could summarize this
condition by saying that a theory T is Henkin if it has enough witnessesﬂ

Example 4.3. Let L be the language of ordered sets, containing a single binary
relation symbol R, and let T}, be the theory of partial orders, i.e.

Tpo = {VzRzxx,VaVy(Rzy A Ryx — = = y),VaVyVz([Raxy A Ryz] — Rxz)}.

e This theory is consistent, since it has a model: consider, for example, the
partially ordered set of natural numbers, (N, <N),

e The theory Tpo is not complete: consider the sentence capturing density
of a partial order:

¢pa = VaVy(zRy — Jz[xRz A zRy]).

There are dense partial orders (e.g. (Q, <%)) and non-dense partial orders
(e.g. (N, <M}, s0o both TpoU{¢4} and TpoU{—¢4}. It follows that T I/ —¢q4
and Tpo I ¢q4, respectively.

e From the preceding argument, it is clear that Tpo is not maximally con-
sistent: we could add ¢4 to Tpo and still have a consistent set.

e The theory Tpo is not deductively complete, of course, since the set of its
consequences will be infinite, while |Tpo| = 3.

Example 4.4. Let L be the language of ordered sets, as above, and let Tpro be
the theory of dense linear orders without endpoints,

Tpro = TpoU{Vavy(zRyVyRz) {U{¢a}U{~TaVy(z # y — aRy), ~IyVa(z # y — yRa)}
Although it is not so easy to seeﬂ this extension of TpO is complete! By adding
these extra conditions, we have resolved all possible outstanding questions.

We include a few additional, and useful, examples of complete theories:

Example 4.5. e Tpry, the theory of divisible abelian groups. Recall that
an abelian group is divisible if it satisfies

Vady(ny = )
for any n € N.

6Can you detect any relationship between this idea and the Skolem normal forms discussed
previously?

"The argument uses Vaught’s Test: a theory is complete if it has no finite models and just one
model of some infinite size. The theory Thro has no finite models, as one can easily see, and has
only one countable model up to isomorphism: (Q, §Q>.
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e Tacr,, the theory of algebraically closed fields of characteristic p.

e For any L-structure M, we define Thy, (M) to be the set of all L-sentences
¢ such that M = ¢. For any M, Thy (M) is complete. Note: we call
Thy (M) the complete theory of M.

Question 4.6. Is elementary arithmetic (in the form, say, of Peano arithmetic,
Definition [6.5)) complete?

This is a very big question, which will ultimately be answered, negatively, by Godel’s
Incompleteness Theorems—this will have to wait until the final lecture of the course.

The property of deductive closure is nothing to worry about, really. In fact, model
theorists tend to assume that all theories are deductively closed, since we can always
just take the deductive closure:

T—T=TU{¢eSent, |T+ ¢}

It is time to prove (2) of the Completeness Theorem. Fix a consistent theory T'.
We will proceed according to the following outline:

(I) We expand T to a consistent Henkin theory 7", through the careful addition
of witnessing constants and new axioms.
(IT) We show that any consistent theory, including 7", can be extended to a
maximally consistent theory 7.
(IIT) We show that any maximally consistent Henkin theory, like 7, has a model.

Part (I)
A little basic terminology:

Definition 4.7. (1) A language L' is an extension of a language L if every
nonlogical symbol of L is in L’.
(2) A theory T" in L' is an extension of an L-theory T if for every ¢ € L, T+ ¢
implies TV - ¢'.
(3) We say that T” is a conservative extension of T if for all ¢ € L,
T + ¢ if and only if T' I~ ¢.

Put another way, T” is a conservative extension of T' if it cannot prove any
new L-sentences.

To go from consistent theory T to consistent Henkin theory T’, we proceed in
stages.

e Define L; to be an extension of L where, for every existential formula
Jz¢(z) in L, we add a new constant symbol cy:

Ly = LU{cy|3zo(z) € L}

e Define T3 to be the extension of T in L; obtained by adding all axioms of
the form Jx¢(x) <> ¢(cy). Notice that 17 has witnesses for all existential
formulas in L, but there will be new existential formulas in L;—we will
have to add witnesses for these as well. So:

e Define Ly to be the extension of L; obtained by adding new constant sym-
bols ¢y for all 3x¢(x) in Ly. Let T; be the extension of T; obtained by
adding axioms Jz¢(x) > ¢(c) for each Jxg(x) in L. Here we have added
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witnesses for existential formulas in L, but will still need to worry about
those in Lo \ L;. So the process continues.

e Given L, and T}, we extend to L, 1 and T},41 in the same manner, ob-
taining sequences of extensions

LCL;C---CL,CLyy1 C...
rcnc.---Ccrh,CT,y1<...
e Define

L = [j L, and T = Ej T,.
n=1 n=1

We should check that 7" is Henkin, and a conservative extension of 7.

To see that T” is Henkin, consider any Jx¢(x) in L. Since Jz¢(z) is in L, the union
of the L,,, it will be contained in Lj for some k € N. But then, by construction,
there is ¢y € Lyt1 with Tipq F Jzgp(z) < ¢(cy). As Tpy1 C TV, it follows that

T+ Jzp(x) ¢ dlcy),
as desired. We leave the proof of conservativity as an exercise.
Part (II)

We show that any consistent theory has a maximally consistent extension. Fix T’
a consistent theory in language L’. Let

X ={SCL'|T'US is consistent }.
The set X is partially ordered by subset inclusion, and given any chain
SpCS5H C---CS,C...
in X, the set

S = G Sn
n=1

isin X: if 7" U S were inconsistent, there would have to be some finite inconsistent
subset of 7" U S. Being finite, it must in fact be contained in 7" U S, for some
n € N. But this contradicts the assumption that S, € X. By Zorn’s Lemma
(which is, incidentally, equivalent to the Aziom of Choice), there is a maximal
element S* € X; that is, for any S € X, S C S*.

Define T* = T" U S*. This theory is maximally consistent, as one can easily verify.

Remark 4.8. The theory T™* is also complete. To see this, suppose, to the contrary,
that T* I/ ¢ and T* I/ —¢ for some ¢. Then T* U {—¢} is consistent. That is,
T'US*U{¢} is consistent, which contradicts maximality of S*.

Remark 4.9. It is clear, too, that if 7" is Henkin, the theory T*—which has the
same language—is also Henkin. Moreover, T* is a conservative extension of T".
Part (III)

We show that any complete Henkin theory 7™ has a model. This is an incredibly
clever—but very finicky—argument. I would encourage you to study it carefully,
as a character-building exercise, if nothing else. The idea is that we can construct
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a model of the complete Henkin theory out of the language itself, with the elements
of the model being T*-provable-equivalence classes of terms!

To be more precise, let V' be the set of all variable-free terms in L*, the language of
T*; that is, V consists of all terms built purely from constant and function symbols
in L*. Given terms 71 and 75 in V, define

T~ Ty if and only if T F 11 =T19.

Given a term 7 € V, we denote the ~-equivalence class of 7 by [r]_. We define

a model M with underlying set consisting of ~-equivalence classes of terms in V.
That is, M = V/ ~.

We define the interpretations of the symbols in L* as follows:

e For any constant symbol ¢, c™ = [c] _.
e For any function symbol f and [r]_,[72]_,...,[m]. € M,
P2l ) = [y my e )l
e For any relation symbol R and [r1]_,[72]_,...,["n]. € M,
(T1, T2y« oy Tn) e RM if and only if TFRMm...Ty.

You should check that this structure is a model of T*. Once that is taken care of,
we are done! Why? We have shown that for any consistent theory T, we can, via
a sequence of conservative extensions, obtain

T — T — T*
Consistent Consistent, Henkin Complete, Henkin
L — r — r

By part (III), there is an L’-structure M’ = T*. Let M be the reduct of M to L,
denoted M = M’ | L, which is obtained from M’ by simply forgetting all of the
interpretations of symbols in L'\ L (see the definition below). By conservativity of
the extensions T'C T" C T*,

MET.
This, at long last, brings us to the end of the proof of the Completeness Theorem.

In connection with the last point, we emphasize:
Definition 4.10. Let L and L’ be languages, with L C L'.

(1) Given an L’-structure M’, the reduct of M’ to L, denoted M = M’ | L,
is an L-structure with the same underlying set as M’, which interprets all
of the symbols in L in the same way as M’, but forgets the interpretation
of all symbols in L'\ L.

(2) Given an L-structure M, we say that an L'-structure M’ is an ezpansion
of M to Lif M =M’ ] L. That is, M’ is just like M in every way, except
that it also interprets the new symbols in L'\ L.

This is an exceedingly common phenomenon across mathematics: when considering
a particular object, we can view it in different ways, focusing only on those aspects
that are of interest in the context of a particular problem.
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Example 4.11. Let L be the language of ordered sets, and let L’ be the language
of the natural numbers with successor. If we doing arithmetic of any kind, we want
to consider the natural numbers as an L’-structure (at the very least); that is, we
want to work with (N, ON, SN, §N>. Sometimes, though, we are concerned only with
the order, and forget about any arithmetic structure: in this case, we work with
the reduct of (N, 0V, SN, <My to L, namely (N, <)

We can continue in this way: for example, we can think of Z as a ring, or we can
regard it as a group, forgetting the multiplication operation.

Chapter [d] Exercises

Exercise 4.1. Zorn’s Lemma: If X is a partially ordered set and for each in-
creasing chain
To<wy <x3< <y <L

there is an element x, with =, > x, for all n € N, then X contains a largest
element.

(i) Show that every vector space V over a field F' (use F' = R, if you want) has a
basis (equivalently, a maximal linearly independent set). [Hint: Let X be the set
of all linearly independent subsets of V, ordered by C.]

(ii) Modify the argument to show that any linearly independent subset of a vector
space is contained in a basis.

Exercise 4.2. Check that the Henkin structure constructed in part (III) of the
proof of the Completeness Theorem is actually a model of the theory.

Exercise 4.3. (i) Show that if 7" is an L-theory, and f a new function symbol,
then if T F Va3yd(z,y), T U {Vzd(x, f(x))} is a conservative extension of T

(ii) What, if anything, does this tell you about Skolemization and conservativity?

Exercise 4.4. Let T” in language L’ be a conservative extension of T' in language
L.

(i) Show that if T is consistent, 7" is consistent.

(ii) Show that if, moreover, T' is deductively complete and Thy,(M') = T’ for some
L’-structure M’, Thy (M’ | L) =T.

Exercise 4.5. Show that each of the following theories is not complete:

(i) Tyrp, the theory of groups (see Example 1)), in the language of groups.
(ii) Ty14, the theory of fields, in the language of rings.

(iii) Tro, the theory of linear (total) orderings, in the language of ordered sets.

(iv) Tsets, the theory of (naive) sets, in the language consisting of the binary
predicate symbol €. [Hint: Counting quantifiers!]

5. THE COMPACTNESS THEOREM, WITH APPLICATIONS

We now consider an important consequence of the Completeness Theorem, which
allows us to construct nearly any structure we like. As a magic wand we can wave
over our problems, its power is more or less commensurate with the Axiom of Choice
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or Zorn’s Lemma. The result in question, the Compactness Theorem, is also the
work of Godel.

Theorem 5.1. Let T be an L-theory. If for every finite subset I' C T there is a
model Mp =T, then T itself has a model: M = T for some M. Equivalently, T'
is consistent if and only if every finite subset I' C T is consistent.

Proof. That the two formulations are equivalent is clear from the Completeness
Theorem. It suffices, then, to prove the second formulation.

Clearly, if T contains a finite inconsistent subset I', it must itself be inconsistent.
For the converse, suppose that T is inconsistent. Then there is some formula ¢
such that T'F ¢ and T'F —¢. Since proofs are finite, by definition, there must in
fact be finite subsets T’y and T_ of T with

T, F¢and T_ F —¢.
Notice that I' = Ty UT_ is also finite, and
I'-¢and I' F —¢.

This means, of course, that I is inconsistent. O

We will focus on the first formulation and its applications; the second is more useful
in the context of proof theory. What does the Compactness Theorem really say?
Given a set of sentences/rules T', which may well be infinite, if any finite subset of
rules I' C T is satisfiable—by some particular, individual model Mpr—then there
is a single model M that satisfies absolutely all of the rules in T' at the same time.
This is a big deal.

5.1. Nonstandard Models. We begin with a number of examples in which the
Compactness Theorem allows us to construct strange and interesting new structures
which, from the perspective of first-order logic, are indistinguishable from the simple
ones we know and love.

Example 5.2. We will construct a model of the theory of the natural numbers with
successor containing a nonstandard element which is not a successor of 0. As this
example provides a useful template for those that follow, we divide the argument
carefully into its essential components.

Consider N = (N, S,<,0), the ordered natural numbers with successor, in the
language L = (S, <,0). Define T'= Thy(N), where

Thr(N) = {¢ € Sent, [N |= ¢}

is the complete theory of N: the exhaustive first-order description of N. So for any
M € Stry, if M =T then it satisfies precisely the same first order sentences as N.

Step 1: Expand the language L to L' = (S, <,0,¢). Define a new theory
T'=TU{c>0,c>80c>S5%,...,c>8"0,...}

Step 2: Find a model of T’ by compactness. In particular, we check that any finite
subset of T” has a model. So, let I' C 7" be finite. Then

PCTU{c>0¢c>50,...,c>85"
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for some k < w. Does I' have a model? Of course: expand N to an L’-structure
Mty by interpreting c as the natural number k + 2, and the rest of the symbols in
the same way as before. So Mt = T'. By compactness, then, there is a model of 7",
i.e. an L'-structure M such that M = T"’. Notice that ¢™ > (S7)"0™ for all n < w:
the interpretation of c¢ is the desired nonstandard element.

Step 3: We really want an L-structure, though, so we take the reduct: N =M|L.
We still have N = T, and the element named by ¢ in |[N’| = |N| is still nonstandard!

What does this model look like, by the way? There is a standard copy of N, and
the element named by c out at infinity. But we also have all successors of ¢ and,
since it’s nonzero, all of its predecessors as well—none of which are standard, of
course. So really we have a copy of N and a copy of Z sitting out at infinity, i.e.
NIIZ. In fact, there might be other nonstandard elements not related to this one
by successor, so a general model of T" will in fact be

NI (] 2).
ieX
for any index set X.

We note that while this compactness business is an amazing magic trick (it also
allows us to manufacture infinitesimals, graph colorings, and so on), it’s also cause
for concern. What this example in particular tells us is that the expressive power
of first order logic is much lower than we might like: it can’t tell the difference
between the standard natural numbers, N, and the strange tentacle monsters just
described. We can boost the expressive power by moving to, say, an infinitary logic
L\, but then we lose compactness... So there’s a tradeoff.

We turn now to an application with its roots in the earliest days of the calculus—
both Leibniz and Newton made essential use of the notion of infinitesimal numbers;
that is, numbers that are greater than 0, but smaller than any positive real number.
This is particularly well-developed by Leibniz, but in any case, these strange quan-
tities play an essential role in the concrete computations of each of the duelling
creators of the differential calculus. This notion of infinitesimals was extremely
controversial at the time—the philosopher George Berkeley (1685-1753) wrote a
vicious satire on the subject, entitled “The Analyst”—and were treated as, at best,
a questionable notational shorthand until they were finally given real legitimacy by
the mathematical logician Abraham Robinson. We give a simplified version of his
defense of infinitesimals: we will show that there is a model of the theory of the real
numbers as an ordered field which contains infinitesimal objects—indistinguishable
from the ordinary real numbers in the sense of first-order logic, but with infinitesi-
mals!

Example 5.3 (Nonstandard real numbers). Consider the real numbers as an or-
dered field,

R = {Ra 0,1,+,, S},
in the language of ordered fields (see Definition ?7), which we will denote by L.
Let T = Thz(R), the complete first-order theory of R.

Step 1: Let L' = L U {c}, where ¢ is a new constant symbol. Let 7" be the
L'-theory

T'=Thy(R)U{0<c,c<1l,e<1/2,e<1/3,....,c<1/n,...},
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where we here use terms 1/k as a shorthand for the appropriate formal expressions,
e.g. 1/3 stands for (1 + 1+ 1)~1. Notice that if M’ = T’, it will contain an
element M’ that is larger than O, but smaller than 1/n for any n € N—that is, an
infinitesimal.

Step 2: We show that 7" has a model, by compactness. Let I' € T” be finite. Since
I' is finite, in fact

rcTu{e>0,c<l,e<1/2,...,c<1/k}

for some k € N. Take M} to be R—the standard real numbers—with Mr = ﬁ
Then, clearly, Mf. =T Since this works for any finite I, T” is satifiable: there is
some L-structure M’ with M’ =1T".

Step 3: Take the reduct M = M’|L. The element M’ € |M’| = | M| is still there,
and still infinitesimal!

Once again, the model we have constructed is indistinguishable from the standard
real numbers, R, as far as first-order logic is concerned. And yet it contains non-
standard elements.

5.2. Colorings of graphs and maps.

Example 5.4 (Graph colorings). Recall that give a graph G = (V, E), V the vertex
set and F the edge relation, a k-coloring of G is a function k : V — {1,2,... k}
such that adjacent vertices in G always receive different colors; that is,

By — k(z) # K(y).

Let L be the signature containing only a single binary relation, L = (F), and let
T = Thz(G). We define an expanded language by adding an assortment of new
constant symbols:

L' = LU{Car}xEV U {Cl7~-~7ck} U {’{}

Here the new constants c, serves as names for the vertices of GG, the constants c;,
i1 =1,...,k are names for the colors, and « is a unary function symbol representing
the coloring function. Define:

T = Thi(G) U {erBey - r(ca) # rley) sy € V)
U {k(cz)=c1V---Vk(ey) =cp|lz eV}’

If M' =T, M'|L is a copy of G with a k-coloring; that is, G is k-colorable. By
compactness, this is true if and only if for any finite I' O T”, there is a model Mr =
I'. Notice that any such I" will be contained in Thy,(G) along with finitely many
of the additional axioms, say those involving ¢y, ,...,csz, for some z1,...,2, € V.
This has a model if and only if the finite subgraph of G on the vertices x1,...,x,
has a k-coloring. That is:

Fact 5.5. A graph is k-colorable if and only if all of its finite subgraphs are k-
colorable.

This illustrates how the Compactness Theorem often operates as a local-to-global
principle, allowing us to push properties from small pieces of a structure to the
structure as a whole. It is also connected, rather surprisingly, to a very high-profile
mathematical theorem:
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Theorem 5.6 (Four Coloring Theorem). Any planar map can be colored with four
colors so that no adjoining regions receive the same color.

Map colorings of the form described in the theorem correspond precisely to graph
colorings of the kind we have been considering: given a planar map, represent each
region as a vertex, and draw an edge between two such vertices just in case the
corresponding regions are adjacent. In this light, Fact guarantees that is suffices
to check that any finite planar graph is 4-colorable. There are, as it happens, only
around 300 possible finite configurations, and all of these have been checked for
4-colorability by computer. So the theorem is proved!

Incidentally, the Four Color Theorem was the first genuinely important result to
be proved almost entirely by computer (Appel and Haken, 1976).

5.3. Inexpressibility in First-order. While the examples in Section 4.2 above
tended to emphasize the wonderful power of the compactness theorem to create
objects with strange properties, they have a more unsettling side: in each case,
the argument reveals that the linguistic resources of first order logic are not rich
enough to describe and rule out these strange behaviors. For example, there is
no first-order sentence in the language of ordered fields that says ”There are no
infinitesimal elements”—such a sentence would already be in the complete theory
of the real numbers, which is also satisfied by our carefully constructed model with
infinitesimals!

We close with one additional example of this phenomenon. Recall that a graph is
said to be connected if, given any two vertices x and y, there is a path between them
consisting of finitely many edges. We show that this property cannot be expressed
in first order logic.

Example 5.7 (Connectedness is not first-order). Let L = (E) be the language of
graphs, consisting of the single binary relation symbol E. Let T be the L-theory of
loop-free undirected graphs; that is,

T = {Va(~Fzx),VaVy(Exzy — Eyzx)}.

Proposition 5.8. There is no first-order theory 7" O T whose models are exactly
the connected graphs.

Proof. Suppose there is such a T”. In the expanded language L(T") U {a,b}, with
a and b new constant symbols, consider the family of sentences of the form

On =3z ... dxn(a =21 AN Exi29 AN Exoxs A ... ANExy_ 12, ATy = b

for each n € N. That is, each ¢, says that there is no path of length n from the
vertex named by a to the vertex named by b. Consider

T" =T"U{dv}nen-

Any finite subset I" of 7" is contained in

T/U{¢Oa¢1a"'7¢k‘}

for some k € N. Does T" U {¢o, ¢1, - .., ¢r} have a model? Absolutely: take Mr to
be the connected graph (hence already a model of T”) with k + 2 nodes arranged
in sequence:

U1 V2 V3 . V42
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and interpret a™r = xy and bMr = x4,,. Clearly there is no path of length
1, 2, ..., k between the vertices named by a and b, meaning that Mr &= T' U
{b0, P1,--.,0r}. So it is certainly a model of the subset T' C 7" U {¢g, ¢1, ..., D}

By compactness, there is a model M” |=T". Since M” = T", it is connected; since
it satisfies all of the ¢,,, there are elements a™” and b that are not connected
by a path of length n for any n € N. But this would mean M" is not connected.
Contradiction. O

Recall the classes of groups which were claimed to be nonaxiomatizable in Exam-
ple you should go back and try to prove this, using the Compactness Theorem.

5.4. Sizes of models. We close with a final application of the Compactness The-
orem, related to the existence of models of specific sizes.

First, we consider the finite case:

Fact 5.9. If T is a complete theory and has a model of finite cardinality n, every
model of T is of cardinality n.

Proof. Let ¢ = 3_,,x = z; that is, “there are exactly n elements.” By assumption,
there is a model M |= T of size n, so M |= ¢ as well. That is, M |= T U{¢}. Since
T U {¢} is satisfiable, T t/ —¢. By the Completeness Theorem, then, T + ¢. By
soundness, moreover, this implies that T |= ¢. Put another way, for any M = T,
M E ¢; that is, any model of T' contains n elements. (|

This suggests a hard truth: model theory of the kind we are primarily considering
here is not particularly useful in working with finite structures. There is an entire
field devoted to such questions, finite model theory, which is very important in
applications and eminently worthy of your attention: we do not, however, have the
time to address it in this course. For that reason, we will restrict our attention to
infinite models.

We sketch the basics of infinite cardinal numbers here. There is far, far more to
say, but we leave that, too, for another course. A cardinal number is, at its core,
the size of a set. For example,

0,1,2,...n,... N, Ny,
Finite cardinals/sizes of sets “aleph null” /“aleph nought” “aleph one”
Smallest infinite cardinal Next smallest cardinal
Size of N, Q Successor of Ng: Ny = N(J{
Ny N, Ny, o, Ny, N,
“aleph two” ...and so on for all n € N First cardinal > N, all n € N
Next smallest cardinal N1 = N;‘L‘ Not a successor: limit cardinal

Then we have the successor of 8, and its successor, and so on, and the limit cardinal
larger than all of them, and the process continues. There are infinitely many infinite
cardinals. There are so many, in fact, that the collection of all infinite cardinals
is too large to be a set—if we permit it to be a set, we would run into serious
contradictions in the foundations of mathematics.
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There is another operation that allows us to create new cardinals from existing
ones, corresponding to the powerset operation.

Definition 5.10. Given a set X, the powerset of X is
P(X) = {A] A C X},

which is often denoted, too, by 2X. The cardinality of the powerset of X is denoted
by 2/X1.

Fact 5.11. The cardinality of the R, also refereed to as the cardinality of the
continuum, is 2%, In fact, one can set up an explicit bijection between subsets of
N and (binary expansions of) real numbers.

It is natural to ask, then, whether there is any relationship between 2#¢P"0 and Ry,
Ny, or any of the other cardinals in the giant increasing sequence of successors and
limits discussed above.

Fact 5.12 (Cantor). By a clever argument, referred to as diagonalization, 2% > .
That is, the set of real numbers is uncountable.

Nearly anything else that we might like to say along these lines is independent of
the axioms of set theory: it is just as consistent with the axioms that 28 = Ny,
for example, as it is that 280 £ V7.

Example 5.13. The continuum hypothesis (CH) asserts that 22/¢Pho = Ny: that
is, the cardinality of the continuum is the smallest value it can possibly be. It is,
of course, independent of the axioms of set theory, in the sense of the preceding
paragraph. If necessary, we can adopt it as a simplifying assumption, without fear
of running into a contradiction: it is far better not to assume it, though!

We will not go into further detail here, as the above suffices to state a few last
consequences of first-order compactness.

Theorem 5.14 (Downward Lowenheim-Skolem Theorem). For any consistent the-
ory T in language L, there is a model M = T of cardinality less than

max(|L|, Rg),

where |L|, the cardinality of the language L, is the cardinality of the set of its
nonlogical symbols.

Example 5.15. Let L be the language of ordered sets, consisting of a single binary
predicate symbol R, and let

T = {VzRxzx,VaVy(Rxy A Ryx — x = y), VaVyVz([Rzy A Ryz] — Rxz)};

that is, T is the theory of partial orders. The theory T is certainly consistent
(partial orders exist!), and |L| = 1. Then by Downward Lowenheim-Skolem, there
is a model M |= T with |M| < max(1,Xy) = No. That is, there is a countable
partial order. This, of course, is no surprise: consider N as an ordered set!

Example 5.16 (Skolem’s Paradox, Baby Version). Take L to be the language
of ordered fields, and T = Th(R). This theory is certainly consistent, and L
is countable: by Downward Lowenheim-Skolem, then, T has a countably infinite
model. That is, there is a countable version of the real numbers, which is extremely

surprising. As we just noted in Facts and IR| = 280 > X!
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This, and the grown-up version involving models of set theory, just seems like a
paradox. Really, it illustrates only that countability is not an absolute phenomenon.

Theorem 5.17 (Upward Lowenheim-Skolem). Let T be an L-theory with an infi-
nite model. For any cardinal x > |T|, there is a model M |= T of size k.

Proof. (Sketch) Add k new constants to the language L, and add sentences to T'
that force these new symbols to be interpreted by distinct elements. Now, use
compactness. O

You could be forgiven for thinking that this is all abstract nonsense, and this
business about infinite models cannot possibly be of any practical use. My response:

Fact 5.18. If a theory T has just one model of some size k > N, then the theory
T is decidable—there exists an algorithm to determine whether any given formula
¢ or its negation is provable from 7.

So if a theory has a unique model (up to isomorphism) of some uncountable size,
its set of consequences is tractable, in computational terms. This sets us up nicely,
incidentally, for a discussion of decidability, computability, and, ultimately, Gédel’s
Incompleteness Theorems.

Chapter [5| Exercises

Exercise 5.1. Suppose that T is a theory with arbitrarily large finite models, i.e.
for each n € N, there is a model M |= T containing at least n elements.

(i) Is T complete?

(ii) Show that T has an infinite model.

Exercise 5.2. Show that for any finite partially ordered set (X, <), there is an
order <* on X extending < that is linear: for any z,y € X, either z <* y or y <* z.

(i) Using (i) and the Compactness Theorem, show that the same is true for any
infinite partially ordered set (X, <).

(Hint: L = Lorg = (R), T = Th({X,<)), L’ = LU {cp}rex, and T = T U
{VaVy(Rxy V Ryx)}.)

Exercise 5.3. Consider the theory of (loop-free, undirected) graphs,
T = {Vz(—FEzx),VaVy(Exy — Eyx)}

in the language containing just a single binary (edge) relation E. Show that there
is no extension 7" D T whose models are exactly the connected graphs. (A graph is
connected if one can pass from any vertex to any other by a finite series of edges.)

(Hint: Suppose there is such a 7’. In a language containing two new constant
symbols a and b, consider the sentences of the form

On =3z ... Jzp(a =21 ANExi29 A+ A Expy 120 A 2y = D)
for n € N. Use compactness to show T U {¢,, }nen is satisfiable...)
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Exercise 5.4. Special case of Upward Lowenheim-Skolem Theorem: Prove that if
a theory T has an infinite model, it has an uncountably infinite model. (Hint: Add
lots of new constant symbols, use compactness.)

Exercise 5.5. Suppose T is a complete theory in a countable language, with an un-
countably infinite model. Does T have a countably infinite model? Finite models?
If so, why? If not, why not?

6. COMPUTABILITY AND THE INCOMPLETENESS THEOREMS

For the final week of the course, we will drastically change our focus. In fact, the
substance of this final lecture, concerning computability theory and Godel’s incom-
pleteness theorems, deserves a semester course of its own, so we will just barely skim
the surface. The hope is to get a decent basic understanding of the concepts, and
a feel for what the incompleteness theorems say—and categorically do not say—as
they are clearly among the most significant results in modern mathematics.

6.1. Computability and Decidability. The foundation of theoretical computer
science rests on three equivalent definitions of what is means for a function (typically
defined on N) to be computable:

(1) Turing machines (Alan Turing, 1935): In this account, a function is com-
putable just in case it can be computed by a very simple kind of machine,
consisting of an infinite (1-dimensional) strip, divided into single-input cells,
and a read/write head that moves freely in both directions along the strip.
Graphically,

TTTTT6[ el [T TOT T~

At each stage, the head, here denoted by (), can
(a) Read the symbol at its current location.
(b) Erase the symbol at its current location (if applicable).
(c) Overwrite the contents of its current location with a new symbol.
(d) Move to the right or left.

It should be noted that there are many varieties of Turing machine—
different configurations of cells, different symbols available, and so on. It
may not be obvious, but one can compute an awful lot using Turing ma-
chines, including: successor, addition, constant functions, bounded sub-
traction, and so on.

(2) Recursive functions (Godel, Herbrand, Kleene, and others): Arguably a
more mathematically natural way of making sense of computability, with
its roots in far older mathematics (e.g. the Fibonacci sequence), a func-
tion is computable in this view precisely when it is represented by recursive
function, i.e. one which is obtained by composition and recursion from a
small family of very simple functions, which everyone would agree are com-
putable. This basic library of functions, the primitive recursive functions,
consists of, e.g. constant functions, successor, pairing, and projection.
This is the formalization of computability used in Godel’s proofs of the
incompleteness theorems...
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(3) A-calculus (Church): The A-calculus is a formal theory of function definition
and application, which is closely linked with LISP and other functional
programming languages, as well as the logical analysis of fragments of real,
natural language. A function is computable just in case it is represented
by a A-term. Here again, the library of A-terms/functions is built from a
small collection of basic terms, namely the combinators.

This formulation makes clear the genuinely deep connection between logic,
functional programming, and category theory (among other things), but,
sadly, is too complicated to cover in this abbreviated discussion.

Fact 6.1 (Church-Turing Thesis). If a function is computable in one of the above
senses, it is computable in all of the others, as well. That is, characterizations (1),
(2) and (3) are equivalent!

For our purposes, we will not need to insist on an absolutely detailed account of
what is means to be computable and, in particular, we will not need to choose any
particular one of the options described above. The hope is simply to satisfy you
that, yes, it is possible to give a rigorous, formal definition of computability, just in
case anyone should ever force us to do so.

Definition 6.2. Let X be a subset of N.

(1) We say that X is decidable if there is an algorithm—that is, a computable
function—that determines for each n € N whether n € X or not in a finite
amount of time.

(2) We say that X is semidecidable if there is an algorithm that lists all elements
of X: xg, 1, Ta,. ...

Notes 6.3. (1) Terminology: decidable sets are often called recursive, and
semidecidable sets recursively enumerable.

(2) We can generalize to the case of subsets X of arbitrary (countable) sets Y,
i.e. we may wish to know whether a particular theory T is decidable in the
set of all sentences in its language.

(3) If X C N is semidecidable, there is an algorithm that will confirm in finite
time that elements n € X are, in fact, in X. If n ¢ X, on the other hand,
we would be left waiting forever while the elements of X are being listed—
in short, the algorithm cannot tell us that n & X.

This is precisely the difference between decidable and semidecidable subsets.

(4) If X is decidable, it is semidecidable. A partial converse: If X is semide-
cidable and N\ X, the complement of X in N, is semidecidable, then X is
decidable.

Proof. Let n € N. We would like to know, in finite time, whether n € X or
n ¢ X,ie n €N\ X. Use the listing algorithms for X and N\ X

X 2o, x1,%2,. .., Ty, .-
N\X:y07ylay27"'7yk7"'7

running them in parallel. In finite time, n will appear in one of the two
lists, and we will have our answer. (Il

Fact 6.4. There are semidecidable sets that are not decidable. The classic example
is the halting problem (Turing/Davis): there is no single general procedure capable
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of determining for any combination of algorithm and input whether an output will
be produced.

6.2. The Incompleteness Theorems. In what follows, we will speak a great
deal about “elementary number theory,” which will involve one of the following
formalizations—which formalization we use will be made clear in each case.

Definition 6.5. We work in the language of arithmetic.

(1) Elementary arithmetic: Known as Robinson arithmetic, and denoted by Q.
The axioms are the following:
(a) Vz(Sx #0)
(b) VaVy(Sx =Sy —»z=1y)
(c) Vy(y =0V Iz(Sz =y))
(d) Yz(z +0==x)
(e) VaVy(x + Sy = S(x +y))
(f) Va(z-0=0)
(g) VaVy(z - Sy = (v -y) + )
Axioms (d) and (e) amount to a recursive definition of addition. This, it
should be noted, is a very basic, weak system of axioms for arithmetic.
(2) Primitive recursive arithmetic, or PRA: Roughly, this is

Q + (primitive recursive functions)
or
Q + (mathematical induction for existential formulas ¢)

That is, we add to Q an axiom scheme ensuring that if an existential formula
¢ (that is, ¢ = Jz1 ... 3z, ¢, with ¢ quantifier-free) holds at 0 and holds at
n + 1 whenever it holds at n, then ¢ holds for all natural numbers.

(3) Peano arithmetic, or PA: An even stronger system. Roughly,

Q + (recursive functions)
or
Q + (mathematical induction for arbitrary formulas ¢).

Remark 6.6. It is crucial to note that all of the above theories are effectively
aziomatizable; that is, the axiom sets are either finite (as Q) or decidable (as in
PRA and PA, where we must check whether a given formula is an instance of the
appropriate induction axiom scheme). Both of the incompleteness theorems are
concerned with effectively axiomatizable extensions of these three theories.

Theorem 6.7 (First Incompleteness Theorem). The theory Q is essentially in-
complete; that is, any consistent, effectively axiomatizable extension T" D @ is
incomplete.

Remark 6.8. Recall that a theory T is incomplete if there is a formula ¢ such that
neither 7'+ ¢ nor T+ —¢. So there are things we can neither prove nor disprove
using the resources of T. Without straying too far into philosophy, this result
destroyed Hilbert’s finitist program, which was a central organizing of mathematics
in Godel’s day.
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Proof. The argument is incredibly clever. We begin by sketching the sets, then will
expand on them slightly over the next few pages. A full proof, unfortunately, is
well beyond the scope of this course.

I. Godel numbering: we can give a clear, unambiguous coding of formulas
(which can talk about N) as natural numbers:
¢ = [¢] €N
(formula) (“Godel number of ¢”)
II. Deduction rules (e.g. MP) are computable functions of the Gédel numbers—

this means that provability is decidable, in the sense of Definition [6.2
ITII. For any formula ¢(x), we can construct a sentence 1 such that

THY < o([v]);

that is, ¥ say “I have the property given by the formula ¢.
IV. Take ¢(z) to be “x is not the Gédel number of a formula provable in T'.”

In more detail, now:

Step I. We begin by ordering the symbols of the vocabulary of arithmetic, assigning

each one a distinct natural number:
a‘()z/\\/ﬂVHOS—l—xoxl... T
[01‘12345678910111213... 12+n

with the countably infinite list of variables at the end. We convert formulas to
natural numbers in a unique way, taking advantage of the uniqueness of prime
factorizations. To be precise, given a formula ¢ = o105 ...0,, where the terms o;
are individual symbols in the vocabulary, the Godel number of ¢, denoted [¢], is
defined to be

[¢] = 27113le=l  plon],

where p,, denotes the nth prime.

Example 6.9. Consider the formula ¢ = —(S0 = 0). Then, using the symbol
numbering above,

~| (]S ]0]
1 9

This means that
[¢p] =2°-3%.510.79.11% . 137 . 172

As mentioned above, the uniqueness of prime factorization ensures that, for any
positive integer n, there is exactly one possible sequence of symbols o105 ...0,
that has it as its Gédel number. Since the set of well-formed formulas is clearly
decidable, we have:

Fact 6.10. The set of Godel numbers of well-formed formulas,

{[#]] ¢ formula},
is decidable in N.

Step II. In what follows, we define the Gédel number of a proof ¢4, ..., ¢, to be
[¢1 A -+ A ¢y]. For every logical operation, we define a corresponding (computable)
function or predicate on the natural numbers:
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(1) Negation:
neg([¢]) = [-¢].
(2) Implication:
impl([¢], [¢]) = [¢ = ]
(3) Modus Ponens:
MP(z,y, z)
is a ternary predicate on N that holds just in case z is the Godel number of

a formula that follows by Modus Ponens from formulas with Godel numbers
z and y. That is,

MP([¢], [41, [x1)
holds if and only if x follows from ¢ and 1 by Modus Ponens.
(4) Proof-ness:

Proofr(z,y)

is a binary predicate on N that holds just in case x is the Gédel number of
a proof in T of the formula with Godel number y.
(5) Provability:
Provr(y) = JaxProofr(z,y)
is a unary predicate that holds just in case y is the Godel number of a
formula provable in T.

Although it takes some work to prove it formally, all of these predicates are decid-
able!

Step III. Diagonalization:

This is the subtlest part of the proof, and one of many examples of a fixed point
argument in mathematics (the Brouwer fixed point theorem, concerning continuous
maps from the unit disk to itself, is another such example). The end result of this
delicate argument is the result quoted in the summary above:

Lemma 6.11. For any formula ¢(z), there is a sentence v such that

T+« o([¢]).

This formula v is able to talk about itself: it says, roughly speaking, “I have the
property ¢.”
Step IV. We now put all of the pieces together. Let ¢(x) be —Provy(z), “z is

not the Goédel number of a formula provable in T.” By diagonalization, there is a
sentence G, the Gddel sentence of T, so that

T+ GT <~ ﬁProvT(fGﬂ).
Roughly, G says “I am not provable in T".”

Say that T'+ Gp. Then T F ProvT(fGﬂﬁ and therefore T' - -G from the
equivalence above. But then T proves both G and =G, contradicting consistency
of T'.

8This needs some justification: that provability implies provability of provability is known as
weak representability of the predicate Provy(—).
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Suppose, on the other hand, that T+ -Gr. Then T F/ Gr and, after a little more
fiddling with representability, we can say that no n € N is the Godel number of a
proof of Gr, i.e. that T+ —Proofr(n, [Gr]) for all n. By consistencyﬂ,

T t/ JzProofr(x, [Gr]).

This implies that T I Provy([Gr]) and, by the equivalence, T' I/ =Gr. Contradic-
tion.

‘We have shown that T" proves neither G nor =G, so the theory is incomplete. [

Theorem 6.12 (Second Incompleteness Theorem). If T'is a 1-consistent, effectively
axiomatizable extension of PRA, then

Tt Conrp,

where Conr is a sentence equivalent to consistency of the theory 7'

Idea: No sufficiently rich mathematical theory can prove its own consistency. While
this was very damaging to Hilbert’s program, it likely feels less surprising in this
postmodern era. From a certain standpoint, it seems only natural a formal system
cannot verify its own correctness: surely we must step outside of the system first,
before we are able to evaluate questions of this nature.

Proof. The proof is considerably more technical. We here observe only that the
sentence Cony may be taken to be Provy([L]), where L is any contradiction. O

Godel’s Incompleteness Theorems pose a number of important challenges to mathe-
matics as a field, and to some extent, to working mathematicians going about their
daily lives. These include:

(1) There will always be things we cannot prove in our favorite formal sys-
tems (at least if those systems contain any meaningful fragment of number
theory).

(2) Whatever system we work in, we need to look outside the system for a
proof of its consistency. This is a particular challenge for those using formal
methods to test the correctness of software, e.g. for air traffic control, and
for those developing automated theorem provers.

How do we meet these challenges? A few options:

(1) Transfinite induction. We may allow ourselves to carry out induction not just
on the natural numbers, but on some initial segment of the infinite ordinals as well:

2 w w
1,2,3,...,n,. .., w,w+ 1, o w2, 0w L w L w Yo

The exponential tower of w copies of w above, which is denoted ¢g, is of surprising
significance: if we allow ourselves induction up to €y in PA, we can prove Conpay .

(2) More computable functions. If we give ourselves access to more computable
functions (or, equivalently, bits of second order logic), we can settle all kinds of
undecidable propositions. The field of "reverse mathematics” is concerned with

9Actually, we need not just consistency, but 1-consistency: T is l-consistent if there is no
existential formula ¢ such that T F —¢(n) for all n € N, but T + Jz¢(x). This is a stronger
condition.
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precisely this approach: given a mathematical result, the game is to determine the
weakest possible fraction of second-order logic that is required to prove it.

You could be forgiven for thinking that incompleteness of the kind discussed here
is unlikely to affect your working life. Certainly, the Godel sentence is a very
artificial kind of statement, which has nothing much to do with “real” mathematics.
There are, though, natural mathematical examples of incompleteness: concrete,
wholesome mathematical statements that can be neither proven nor disproven in
PA. We give a few examples here, as a kind of encouragement to further reading.

Example 6.13 (Paris-Harrington, 1972). The Paris-Harrington Conjecture is a
combinatorial/coloring principle along the lines of Ramsey’s Theorem. In fact, the
conjecture implies Conpy, so it is certainly not provable in PA.

Example 6.14 (Goodstein sequences). Goodstein sequences are relatively simple
to define and, at first, grow extremely rapidly. That they all eventually converge to
0 is provable (it is a theorem!), but not provable in PA.
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