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Introduction.

The subject of these lectures is the solvability of operator equations of type
A(u) = b on a Banach space V and its application to boundary value problems
for differential equations.

The generalized formulation of many stationary boundary value problems for
partial differential equations leads to operator equation of this type. Indeed, the
generalized (the so-called weak) formulation consists in looking for an unknown
function v from a Banach space V such that an integral identity containing
holds for each test function v from the space V. Since the identity is linear in
v we can take its sides as values of continuous linear functionals at the element
v € V. Denoting the terms containing unknown u as the value of an operator
A we obtain

(A(u),v) = (byv)y Yo eV,

which is equivalent to equality of functionals on V', i.e. the equality of elements
of V'
A(u)=0b.

That is the reason why we are interested in solvability of operator equations.

Functional analysis yields tools for proving existence of generalized solutions
to a relatively wide class of differential equations that appear in mathematical
physics and industry. Moreover, often this functional analysis proposes an effi-
cient numerical method for computing the solution.

Outline of the procedure.

The procedure of investigation of solvability to boundary value problems for
differential equations proceeds in several steps:

e for a given differential equation we derive an integral identity. We multiply
the equation by a test function, use Green’s theorem (integration by parts)
for lowering the order of derivatives and take into account the boundary
conditions,

e we choose convenient function spaces for the unknown, for the test function
and we formulate the problem,

e we check justification of the weak formulation, i.e. we prove that all terms
in the integral identity define functionals and operators on the chosen
spaces,



e we verify the assumptions of abstract existence theorem and thus prove
that the problem admits a solution.

This analysis is usually continued by
e proposing a numerical method for computing the solution,
e implementation of the method to computer, testing the method and finally
e computing the solution to the problem,

but that is another story.

Let us remark that besides the above mentioned weak formulation also the
variational formulation is used. It consists in looking for a function w for which
the integral functional (corresponding to the problem — the so-called energy
functional) attains its minimum in the function space. Making the variation of
the functional, i. e. the differentiating the functional in “admissible directions” v
we obtain the weak formulation. Let us remark that not each weak formulation
has corresponding variational formulation.

One-dimensional analog to existence theorems.

To obtain a first insight of abstract existence theorems we introduce a couple
of trivial theorems.

In case the space V is a real line R (or its subset) the operator A is a function
f:R—=R.

We start with the problem on a bounded interval, see Fig. 1:

Fig. 1. Existence theorem on the segment.

Theorem A. Let f: [—r,7] — R be a continuous function satisfying

f(=r) <0, f(r)>0.

Then there exists a point x € (—r,r) being the solution to the problem f(x) = 0.



The proof is simple, it can be carried out e.g. by the method of halving of
the interval.

Further theorems will deal with the case of equations on the whole real line.
They differ by the monotony condition, see Fig.2. Each of the theorems has
its infinite dimensional analog. To control the behaviour of the function f at
infinity we introduce the notion of coercivity:

The function f: R — R is said to be coercive iff

The theorems deals with solvability of the equation f(z)=1y.
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Fig. 2. Existence theorems on the real line.

Theorem B (strictly monotone case). Let f : R — R be a continuous
coercive function which is increasing (strictly monotone).

Then for each y € R the equation admits unique solution.

Theorem C (monotone case). Let f : R — R be a continuous coercive
function which is nondecreasing (monotone).

Then for each y € R the equation admits a solution. The set of solutions
{r € R| f(z) =y} forms a closed convex subset in R . If the solution is unique
then this set is single-point.

Theorem D (general case). Let f : R — R be a continuous coercive
function.

Then for each y € R the equation admits a solution.

In the last theorem the solution need not be unique and the set of solutions
may be disconnected.

Let us remark that in the one- and more-dimensional cases the existence of
the solution is ensured by continuity and coercivity only, the monotony condition
is redundant. In the infinite dimension case the situation is more complicated,
the coercivity and continuity is not sufficient.



Part I
Abstract operator equations

We shall deal with the operator equation A(u) = b. We start with the finite-
dimensional case, then we proceed to operator equations in Banach spaces.

1. Finite dimensional case.

The finite dimensional spaces can be identified with R™. Thus the operators
on these spaces are real mappings f : R®™ — R™. The scalar product and
norm (absolute value) of elements (vectors) x,y € R" (x = (2!, 22,...,2™) and
y= (v, 92 ...,y")) will be denoted by

n n 1/2
=3 = Y|
i=1 i=1
The distance between points 2,y € R” is measured by |z —y| = [(x—y, z—y)]'/2.
Moreover, the distance induces in R™ natural convergence denoted by “—":

Ty — T iff |z — x| — 0.

Definitions.

We extend the properties of mappings from the real line R to R™. Let f be
a mapping f : R" — R".

Taking the definition of continuity based on the convergence the definition
can remain without changes:

We say that f is continuous iff

T, —x =  f(x,) — f(z).

The condition of the nondecreasing function
1 <x9y = f(x1) < f(x2)
is equivalent to

(1 — 22)(f(21) — f(=2)) > 0.

In the more dimensional case we just replace multiplication by the scalar pro-
duct. Thus we obtain the definition of monotone function. Similarly we rewrite
the definition of strictly monotone function:



We say that f is monotone iff

(f(z1) = f(z2), 21 —22) >0  Vap,20 €R.

We say that f is strictly monotone iff

(f(z1) — f(x2), 21 —22) >0 Vri, 29 €ER 21 # 2.

In dimension one the coercivity condition consists of two limits. Using the
sign function signx = x/|x| these two limits can be written in one limit when
|x| — oo. Replacing multiplication by the scalar product we obtain the defini-
tion in R™ :

We say that f is coercive iff

(f(z), z)

lim ——%F—~ = 0.

Existence theorem on the closed ball.

On the interval [—r, r] of the real line we have a simple existence result, see
Fig.1, Theorem A. It can be extended to finite dimensional case.

We shall consider the problem on the closed ball
B, ={z eR"| |z| <r}.

In Theorem A if we draw the values of f by arrows in the space R, we see that
the condition f(—r) < 0, f(r) > 0 says that values of f at the end points —r
and r are directed outwards the segment [—r,7].

This condition of outward oriented arrows f(x) on the boundary can be
extended to the ball B, by means of scalar product (f(z),z) > 0. Indeed, by
definition of the scalar product (f(x),z) = |f(x)|-|z|cosp, we see that (f(x), )
is positive iff the angle ¢ between vectors f(z) and z is sharp, see Fig. 3. Thus
we obtain the theorem:

Theorem 1.1. Let f : B, — R" be a continuous mapping satisfying on the
boundary 0B, the condition of outward oriented values:

(1.1) (f(x),z) >0 Vz, |z]=r.

Then there exists a point x € B, being the solution to the problem f(x) = 0.

In the finite dimensional case the proof is not obvious although it is clear,
that the continuous field of arrows directed outwards on the boundary must
have a zero vector, see Fig. 3.



The mathematical proof is not constructive. It is based on the following
Brouwer fixed point theorem:

Y

Fig. 3. Existence theorem for the ball B.,..

Theorem (Brouwer). Let g be a continuous mapping from B, into itself
g : B, — B,.. Then the mapping has a fixed point, i. e. there exists x € B, such
that g(x) = x.

The proof of this fundamental theorem is not simple, therefore we only refer
e.g. to [4] for a proof via topological degree. The classical proof is based on
homological algebra.

Proof of Theorem 1.1. We convert the problem of solvability of the equation
into a fixed point problem. An element x is a solution of the equation f(z) =0
iff x is a fixed point of the mapping g. (¢ > 0) defined by

ge(a) =7 — ef(x).

The mapping is continuous. In order to be able to use the Brouwer theorem we
find a constant € > 0 such that g. maps B, into itself.

The mapping f is continuous on the compact ball B,., therefore it is bounded

|f(x)| <L Va,|z|<r.

Moreover the condition (1.1) on the boundary 0B, for a continuous mapping
on a compact implies inequality (f(z),x) > K on 0B,, and further the same
inequality with a smaller constant in a neighbourhood of B,., i.e.

(f(z),z) > K/2 Yz |z|€(p,r], p<r.



We estimate |g-(z)|? in two cases: for |z| € [0, p] and for |z| € (p, 7] :

9e(@)]? = |2]* = 2e(f(),2) + €| f(2)* <
< p® 4 2epL + 212 in case |z| €0, p],
< r?—2eK/2+ %72 in case |z| € (p,r].

There exists a small constant € > 0 such that in both cases
lge(x)| <r Ve B,,

i.e. the mapping g. maps B, into itself and the Brouwer fixed point theorem
yields the existence of a fixed point of g.. Thus the equation f(z) = 0 has a
solution. a

Existence theorem in finite dimension.

The existence theorem on the ball implies the finite dimensional analog to
Theorem D:

Theorem 1.2. Let f: R®™ — R" be a continuous coercive mapping.
Then it is surjective, i.e. the equation f(x) = y has the solution for each
y € R"™.

Proof. Let y € R™. Let us consider the mapping f: x— f(z)—y. Itis
continuous, too. To apply Theorem 1.1 it remains to verify the condition (1.1)

for f The mapping f is coercive. Following the definition of the limit for each
K > 0 there exists > 0 such that |x| > r implies (f(z),x) > K |z|. Choosing
K = |y| we obtain for |z| =1

~

(f(@),2) = (f(x) —y,2) = (f(x),2) — |y[ - [z] > 0

and the result follows. O

2. Infinite dimensional case — introduction.

Let us pass to infinite dimensional spaces. We shall deal with the Banach

space V, i.e. the linear space with elements denoted by u,v,... and equipped
with a norm || - ||. The space is supposed to be complete with respect to this
norm.

Continuous linear forms on V' constitute the dual space denoted by V’. The
value of the form b € V'’ at point u € V will be denoted by (b, u). The space V'
is also a Banach space with the norm || f[| = sup{|(f,v)| | v €V, |v|| < 1}.



The special case of Banach spaces is the Hilbert space equipped with the
scalar product (u,v) and the norm ||u|| = /(u,u). By Riesz representation
theorem the dual space V' can be identified with the space V and thus the
duality map (b, u) can be identified with the scalar product (b, u).

Weak convergence.

Infinite dimensional spaces bring some difficulties. A closed bounded set,
e.g. B, = {u € V| |lull < r} in not compact, which implies e.g. that a
bounded sequence need not contain a convergent subsequence. Thus continuous
mapping on B, need not be bounded, bounded continuous mapping on B, need
not have its maximum, etc.

This is why we introduce the following concept: Besides the strong conver-
gence on the Banach space V' denoted by “—7”

Up — U iff |tn —u|| — 0

we introduce the weak convergence on V denoted by a halfarrow =7

Up > 0 if  (bu,—u)—0 VbeV'.
Clearly, the weak convergence is weaker, i.e. each strongly converging sequence
is also weakly convergent, but the converse is not true.

Similarly, on the dual space V’ we have the strong and weak convergences:

b, —

iff an—bH\// —>0,

b
by = b iff {(pb,—b) =0 NVeeV”,
where V' is the second dual space, i. e. the space of linear continuous functionals
on V'. We can get some elements of V" if we assign to any u € V' a functional
¢ € V' by the relation (p, b) = (b, u), but in general we do not obtain the whole

space V.

Reflexive spaces.

The spaces in which V' can be identified with V' by the above mentioned
canonical imbedding are called reflexive. In these spaces the weak convergence
on V' can be defined as

by 20 iff (b, —bv) =0 YveV .

The main contribution of the weak convergence is the fact, that it makes the
closed balls B, of infinite dimensional reflexive spaces compact:



Theorem 2.1. Let V be a reflexive Banach space. Then the closed ball
B, = {u € V| |lul| < r} is weakly sequentially compact, i.e. each bounded
sequence {u,} contains a subsequence {u, } weakly converging to an element
uw€E By Uy 2 u .

The theorem is a consequence of the Eberlein-Schmulian theorem, which
moreover asserts that if the ball B, is weakly sequentially compact then the
Banach space is reflexive, see [5], [8], [11].

Let us remark that Hilbert spaces are reflexive. In finite dimensional spaces
both the strong and weak convergences coincide.

Abstract operator equation.

We shall consider an operator A : V' — V’. The equation
A(u) =b
for b € V’ means the equality of functionals on V, i.e. the problem reads:
(P) Find v € V such that (A(u),v) = (b,v) Yve V.

The problem (P) is an abstract formulation of many problems, namely bound-
ary value problems for ordinary differential equations and stationary partial
differential equations — see Part II.

Definitions.

Replacing the scalar product (y, z) by the duality map (f, u) we rewrite the
definitions for operators on Banach spaces.

Let V' be a Banach space with its dual V' and A an operator A : V — V',
We say that the operator A is:
— coercive iff

A
(2.1) lim (A, w) =00
lull =0 [lul]
— monotone iff
(2.2) <A(u1) — A(UQ), Uy — u2> >0 Vul, us €V,
— strictly monotone iff
(23) <A(U1) — A(’U,Q),’Uq — UQ> >0 V’U,l,UQ eV, up 75 U ,

— bounded iff it maps bounded sets into bounded i.e. for each r > 0 there
exists M > 0 (M depending on r) such that

(2.4) |lu| <r = JJA@W)| <M YueV,



— continuous iff it maps convergent sequences into convergent ones i. e.
up —u = A(ux) — A(u) Vug,ueV.

We add four new notions: The operator A is
— strongly monotone iff there exists a > 0 such that

(A(uy) — A(ug), ur — ug) > o |lur — ug||? Vuy,ug €V,

— continuous on finite-dimensional subspaces iff for each finite dimen-
sional subspace V,, the restriction of the operator to V,, (more precisely the
“Galerkin approximation” of A) is continuous i. e.

(2.5) {upg} C Vo, up—u = A(uk)’Vn — A(U)}Vn )

— weakly continuous iff it maps weakly converging sequences into weakly
converging ones i. e.

(2.6) up 2w = A(ug) > A(u) Vug,ueV.

— hemicontinuous (weakly continuous on lines) iff it is weakly continuous
on lines i. e.

(2.7) ty =0 = A(u+tp) > Au) Yu,veV tr € R.

Remark.

In general there is no relation between continuity and weak continuity. There
are another two continuities:

A is strongly continuous iff it maps weakly convergent sequences into strongly
convergent ones, i.e. wup —u = A(up) — A(u),

A is demicontinuous iff it maps strongly convergent sequences into weakly
convergent ones, i.e. wup —u = A(up) > A(u).

The relations between different continuities are surveyed in Section 14.

Uniqueness of the solution.

The strict monotony ensures uniqueness of the solution:

Theorem 2.2. Let the operator A be strictly monotone, see (2.3). Then
equation A(u) = b cannot have two different solutions.

Proof. Supposing the equation has two solutions ui,us € V, we obtain
A(uy) = A(uz) and thus (A(ug) — A(uz),u; —ug) = 0. Due to condition (2.3)
we conclude u; = us. O

10



3. Strongly monotone operators.

In this section we prove an analog to Theorem B. The strong monotony
(A(uy) — Aug),uy — ug) > alluy —usl|> Vui,upg €V, (o> 0)

is a stronger condition than strict monotony (2.3). It means that the real
function f is not only increasing but its slope is bounded from bellow. More
precisely if f is differentiable, then strong monotony means that f/ > «a > 0.

The strongly monotone operators forming a special subclass of monotone
operators are in a certain sense close to linear elliptic operators. Existence and
uniqueness of solutions can be easily proved by the Banach fixed point theorem.

In this section we restrict ourselves to the case of V' being a Hilbert space.
Thus we can identify the functionals of V'’ with the elements of V' and replace
the duality map (b, v) by the scalar product (b, v).

Theorem 3.1. Let V' be a Hilbert space and A : V — V an operator which
is
— strongly monotone, i.e. there exists a > 0 such that

(3.1) (Aur) — Auz),uy —ug) > o |lug — us||? Vui,ug eV,
— and Lipschitz continuous, i.e. there exists M > 0 such that

(3.2) |A(u1) — A(uo)|| < M |Jug — us| Vui,ug € V.
Then the equation A(u) = b admits a unique solution for each b € V.

Proof. Again we convert the problem of solving equation A(u) = b into
a fixed point problem. An element u is a solution to the equation iff u is a fixed

point of the mapping
T-(u) =u—e(A(u) — b)

for a constant € > 0.

We find € > 0 such that the mapping 7. is contractive, i.e.
ITe(u1) = Te(ua) || < ¢+ [lur — uzl]
with a constant ¢ < 1. In the estimate we use the inequalities (3.1), (3.2):
1T (u1) = Te(u2) [* = [I(ur — u2) — £(A(ur) — Aua)|* =

= [lur — u2||* — 2e(A(ur) — A(uz), ur — u2) + || Aur) — Auz)||* <
< ||U1 — UQH2(1 — 2ea + €2M2) .

11



Function () = 1 — 2ea + e2M? is a parabola open upwards passing through
the point (0,1). It attains its minimum 1 —a?/M? <1 at ¢ = a/M?.

Thus for ¢ = a/M? the mapping 7T is contractive with constant less than
one:
c= (1 —a?/M?)'/? < 1. Following the Banach theorem the contractive map-
ping T. on the complete metric space V admits unique fixed point u which is
unique solution to the equation. a

Remarks.

(a) If A is a linear operator on a Hilbert space, the condition (3.1) is
equivalent to ellipticity condition

(A(w),u) > a-||ul> YueV.

Further, for linear operators the conditions of Lipschitz continuity, continuity
and boundedness are equivalent and (3.2) can be replaced by

[Au)]| < M Ju]l.

Thus in case of linear operator Theorem 3.1 is identical to the well known Lax-
Milgram lemma.

(b) The proof of Theorem 3.1 by means of the Banach fixed point theorem
is constructive and yields an important approximate method. The sequence of
approximate solutions {uy} defined by

(3.3) ug € V. — arbitrary, ugr1 = To(ug), k=0,1,2,...

converges in the norm to the solution u of the equation. We can even estimate
the speed of convergence. Summing the inequalities

lujer —usll < & (| Te(uo) — ol
(where ¢ < 1 is the contraction constant) for j = k,k+1,... and using triangle
inequality we obtain

Ck

3.4 — <
(3.4) =] < ~—

7= (o) — uol| -

4. Galerkin approximation.

The proofs of further three abstract existence theorems are based on the
notion of Galerkin approximation. Since we cannot treat the equation on the
infinite dimensional space directly, we construct a sequence of finite dimensional
problems with a sequence of corresponding solutions u,,.

12



Let us consider Banach space V', operator A : V. — V/ and b € V'. The
equation A(u) = b on the infinite-dimensional space V' means the problem:

(P) Find v € V such that (A(u),v) = (b,v) Yve V.

The problem (P) can be restricted to problem (P,) on a finite-dimensional
subspace V,, C V as follows:

(Pn) Find u,, € V,, such that (A(u,),v) = (b,v) Yv €V,.

The problem (P,,) is called Galerkin approximation of the problem (P).

Solvability of the problem (P,).
We shall need to know solvability of the problem (P,,):

Lemma 4.1. Let V be a Banach space and A : V — V' a coercive opera-
tor continuous on finite-dimensional subspaces. Let V,, be a finite-dimensional
subspace.

Then the Galerkin approximation (P, ) of the problem (P) admits its solution
u,. In addition, the solutions to problems (P,,) and (P) are bounded

(4.1) Jun| <7,
where the constant r is independent of the choice of space V,,.

Proof. The Galerkin approximation is equivalent to an equation f(z) =y on

R™. Indeed, let V,, be an n-dimensional subspace with base (w1, wa, w3, ..., wy).
Any element u,, € V,,, u, = ), xpwy can be represented by the vector of its
coordinates x = (x1,...,x,) € R™ with respect to the base. Similarly, any func-

tional on V,, b|y, = b, € V,! can be represented by the vector y = (y1,...,yn),
where y, = (b, wg). In this way we assign to the operator A a vector function
f:R* = R"

fix=(z1,...,2,) €ER" {<A<ixiwi>,wk>} eR"
=1 k=1

and obtain the equation f(x) =y on R™.

Since A is coercive and continuous on finite dimensional subspaces, the func-
tion f is coercive and continuous on R™. Thus Theorem 1.2 yields the existence
of the solution x and successively the existence of the solution u,,.

The estimate is a consequence of the coercivity. Indeed, limit (2.1) means
that for each K > 0 there exists r > 0 (r depending on K) such that

lull > = (A(u),u) > K- [lu].

13



Transposing the last implication we obtain
(Aw),w) < K -ull = ul <.
For K = ||b]| the equality in (P,,) gives
(A(un), un) = (b un) < K - [lun]|

and the implication yields the desired estimate ||u,| < r, where r depends only
on K = ||b]|. O

Approximative property.

Existence of the solution u will be proved by means of a sequence of solutions
u, to problems (P,,) corresponding to a sequence of finite dimensional subspaces
V,, of the space V. Clearly, not all sequences {V,,} can be used. Any element
v € V should be “reachable” as a limit of elements of these subspaces.

Definition. We say that a sequence {V,,} of subspaces of V has approxi-
mative property iff

(4.2) VoeV  F{o,}n, v €V, such that v, — v .

Another problem is finding such a sequence of subspaces. In case of separable
space V' we have:

Lemma 4.2. Let V be a separable Banach space. Then there exists a
sequence of finite dimensional subspaces {V,,} with approximative property.

Proof. The separable space V' contains a countable sequence {wy, wa, ws, ...}
dense in V. Its first n members generate a finite dimensional subspace V,,. Since
{w,} was dense, any element of V' is the limit of elements of {V,,}. Clearly, in
the sequence {w,} we can omit members which are dependent on preceding
members. O

Remarks.

(a) If the space V is not separable we have an incountable system of finite
dimensional subspaces and we must work with generalized sequences called nets.

(b) Thanks to Lemma 4.1 and Lemma 4.2 we have a bounded sequence
{u,} of solutions to problems (P,). Due to Theorem 2.1 the sequence {u,}
contains a subsequence {u, } weakly converging to an element u. But u need
not be the solution of problem (P). It must be ensured by another assumptions:

14



in Theorem 5.1 it is ensured by monotony, in Theorem 6.1 by weak continuity
and in Theorem 7.1 by (Mj) condition.

5. Monotone operators.

The infinite dimensional analog of Theorem C is the following theorem:

Theorem 5.1 (Minty-Browder). Let V' be a reflexive Banach space and
A :V — V' an operator which is
— coercive (2.1),
— continuous on finite-dimensional subspaces (2.5),
— monotone (2.2).

Then the equation A(u) = b has a solution for each b € V.

Moreover, the solutions form a closed convex set, i.e. for each b € V' the set
A7) = {u e V| A(u) = b} is closed and convex.
The proof is based on the reformulation of the equation by means of the

so-called Minty trick [7]:

Lemma 5.2 (Minty). Let A be a monotone (2.2) hemicontinuous (2.7)
operator and u € V. Then the following two conditions are equivalent:

(5.1) (A(u),v—u) >0 YveV,
(5.2) (A(v),v—u) >0 YvoeV.

Remark. Lemma holds even if we replace the space V by a closed convex
subset K C V, see [7].

We can apply the lemma to monotone operators since assumed continuity
on finite dimensional subspaces implies hemicontinuity.
Proof. Monotony condition written for v and w yields
(A(v),v —u) = (A(u),v —u).
Thus (5.1) implies (5.2).

The opposite implication is proved by means of hemicontinuity. Let us as-
sume (5.2). Let w € V. Inserting v = u + t(w —u), t > 0in (5.2) we obtain

(A(u+ t(w — u)), t(w —u)) = t{A(u+ t(w —u)),w —u)) >0.

After dividing the inequality by ¢ > 0 we pass to the limit ¢ — 04 . Hemi-
continuity implies A(u + t(w — 1)) % A(u) and the inequality (5.1) follows.
(I

15



Existence of the solution will be proved by the following topological theorem:

Theorem on nonempty intersection.. Let {U,,. € I} be an arbitrary
system of closed subsets of a compact topological space such that any intersec-
tion of a finite number of U, is nonempty.

Then also the infinite intersection N{U, ,. € I} is nonempty.

Proof of Theorem 5.1. Tt is sufficient to prove the existence for the equation
A(u) = 0. Indeed, for any b € V' the operator A(u) = A(u)—b is again coercive,
continuous on finite dimensional subspaces and monotone.

Let us realize that for u € V the condition
(5.3) (A(u),v) =0 YoeV

is equivalent to (5.1). Equality (5.3) implies inequality (5.1). The converse
implication is also true. Indeed, for arbitrary v € V inserting 2u — v and 0 for
v into (5.1) we obtain two opposite inequalities and (5.3) follows.

Using the preceding argument and Lemma 5.2 we see that uw € V is the
solution to our problem (P) iff (5.2) holds. For v € V' let us denote

Uw)={ueV, (Aw),v—u) > 0}.

Then the intersection Uy = N{U(v),v € V'} is the set of solutions and we have
to prove that it is nonempty.

Let us verify the assumptions of Theorem on nonempty intersection. The
space V' is not compact. Due to Lemma 4.1 the solutions are in the bounded
ball B,. Thus we can restrict V' to the closed ball B,.. With the weak topology
the ball B, forms a compact topological space.

For each v € V the set U(v) is a closed halfspace. We put U (v) = U(v)N B,.

Since closed convex subsets are also closed in the weak topology, {U(v),v € V'}
is a system of closed subsets of the compact topological space B,..

It remains to verify that finite intersections are nonempty. Let vy, vs,...,v,
be arbitrary elements of V. Let us denote by V,, the finite dimensional space
generated by vy, ..., v,. Using Lemma 5.2 we see that u,, € (U(v1)N...NU(vy,)
is equivalent to the statement that u,, is a solution to the problem (P,,) on the
finite dimensional subspace V,,. Due to Lemma 4.1 /ghe solution w,, exists and
is in B,. Thus the finite intersection U(v1) N --- N U(v,) is nonempty since it
contains at least u,,.

Thus following Theorem on the nonempty intersection we can conclude that
also the infinite intersection Uy, is nonempty and thus the solution exists. More-
over, the set of solution Uy is closed and convex since it is an intersection of
closed convex sets. a

Let us remark that in Theorem 5.1 the space V need not be separable.
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6. Weakly continuous operators.

The infinite dimensional analog to Theorem D is the following theorem for
weakly continuous operators:

Theorem 6.1. Let V' be a separable reflexive Banach space and A : V. — V'
be an operator which is
— coercive (2.1),
— weakly continuous (2.6).

Then the equation A(u) = b has a solution for each b € V.

Proof. Let V,, be a sequence of finite dimensional subspaces with the approxi-
mative property of Lemma 4.2. Due to Lemma 4.1 the corresponding sequence
of the problems (P,,) yields the sequence of solutions w,. The solutions are
bounded due to estimate (4.1). Since V is reflexive the sequence {u, } contains
a subsequence u,,s weakly converging to an u € B,., see Theorem 2.1.

It remains to prove that the limit u is the solution. Due to the weak conti-
nuity of the operator A we have also A(u,) = A(u). Let v € V be arbitrary.
We cannot insert it into the equality in (P,,) since v ¢ V,,. Let {v,,} be an ap-
proximating sequence ensured by (4.2), v, € V,, and v,, — v. It can be inserted
into the equality

(A(un), vn) = (b, vp) -

Let us consider the subsequence {n’} and let us pass to the limit. On the
right-hand side we obtain (b, v). The left-hand side decomposed into two parts

(6.1) (A(un'), vnr) = (A(un), v — v) + (A(un ), v)
tends to (A(u),v). Indeed, the first term tends to zero since
[(A(un), vnr = 0)| < [[A(un)| - [lon — o

and A(u,) is bounded. The second term converges due to A(u,) = A(u).

Thus we have obtained (A(u),v) = (b,v). Since v was arbitrary the limit u
is the solution and the proof is complete. O

7. Operators satisfying the (IMj)-condition.

The last abstract existence theorem is the most general. It is another infinite
dimensional analog to Theorem D.

Theorem 7.1. Let V be a separable reflexive Banach space and A : V — V'
an operator which is
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— coercive (2.1),

— bounded (2.4),

— continuous on finite-dimensional subspaces (2.5) and
— satisfying the so-called (My)-condition:

(M) Up = u, Awu, =D, (A up,up) — (byu) = A(u)=0».

Then the equation A(u) = b admits a solution for each b € V.

Proof. In the beginning the proof follows the proof of Theorem 6.1. Let {V,}
be the sequence of finite dimensional subspaces and {u,} the corresponding
sequence of solutions w,, to problems (P,). Due to estimate (4.1) the sequence
{u,} is bounded. The sequence {A(u,)} is bounded, too, since the operator A
is bounded. Both V and V' are reflexive thus by double using of Theorem 2.1
we obtain a subsequence {n'} such that

Upr — U and Aup) 2 f,

where u, f are elements u € V., fe V',

First, we prove that f = b. Let v € V. Let {v,} be a sequence given by the
approximative property (4.2). We insert v, into the equality (P, ) and restrict
ourselves to the subsequence

<A(un’>7 vn’> = <b, ’Un/> .

Let us pass to the limit. The right-hand side tends to (b, v), the left hand-side
converges to (f,v) due to A(u,) = f using the same argument as in (6.1).
Thus (f,v) = (b,v). Since v was arbitrary we proved f = b.

The final step will be accomplished by using (M )(-condition for subsequence
{n’}. It remains to verify its last assumption

<A(un’)7 UN’> - <b7 u) :
It follows from the identity (P,,) which implies
(Alunr); unr) = (b, unr) — (b,u) -

The assertion of (Mj)-condition yields A(u) = b and the proof is complete. O

8. Convergence of (Galerkin approximations.

In the applications we are able to compute numerically only the approxima-
tive solution u,. Thus we are interested in the rate of the convergence.
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In case of the strongly monotone operator (Theorem 3.1), we have strong
convergence of approximative solutions u,, constructed by the contractive ope-
rator T¢, see Section 3, Remark (b). Moreover, (3.4) yields an error estimate.

In the other cases we used Galerkin approximations. In general we do not
have convergence of the solutions u,,. The proofs yield the weak convergence
of a subsequence {u,} only. If the problem (P) has two different solutions, we
cannot expect more. Indeed, some terms of the sequence {u,} can converge
to one solution, the other to another solution. If the solution unique, then the
whole sequence converges:

Theorem 8.1. Let the assumptions of Theorem 6.1 or 7.1 be satisfied and
let the problem (P) have at most one solution.

Then the whole sequence of solutions {u,,} converges weakly to the solution

Proof. The proof is a consequence the following general property of the
convergence: Let a sequence in a compact space be not convergent. Then it
contains at least two subsequences converging to different limits.

Our sequence of solutions u,, is contained in the ball B,., which is compact
with respect to weak convergence. Therefore, if the solution v is unique, then
the whole sequence is converging. O

The theorems ensured weak convergence of approximative solutions only. If
we add another assumption we obtain strong convergence:

Theorem 8.2. Let the assumptions of Theorem 6.1 or 7.1 be satisfied. Let
the operator A satisfy the so called condition (Sy)

8.1)  [un B u, AQun) b, (Alun),un) — <b,u>] — oy .

Let {u,} be the sequence of approximative solutions.

Then if a subsequence {u, } converges weakly, then it converges also strongly
to the solution wu.

Proof. Any subsequence of weakly converging approximate solutions
satisfies the assumption of (Sp) condition. Indeed, u, — u, A(u,) = b, and
(A(un),un) = (byu,) — (b,u) thus the strong convergence to the solution fol-
lows and the proof is complete. O
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Part 11

Application to differential
equations

In the second part we show application of the abstract existence theorems
to boundary value problems for ordinary and partial differential equations. We
start with brief characterization of individual steps, then we show the applica-
tion on the examples.

9. The procedure in general.

Let €2 be a bounded domain with Lipschitz boundary I'. We shall consider
a boundary value problem for a partial differential equation of second order in
divergent form on €2 with suitable boundary conditions on I". We shall look for
the weak solution in a convenient function space V.

Integral identity.

The basis for weak or operator formulation is the integral identity. We
multiply the differential equation by the so-called test function v with suitable
boundary conditions and integrate the equality over the domain 2. Using in-
tegration by parts (see Part III) we lower the highest derivatives of unknown
function; we pass them to the test function. Dealing with boundary integrals
we use boundary conditions.

Boundary conditions are of two kinds: stable and unstable. In case of a
second order equation the former consist in prescribing values of the unknovn
u, the latter in prescribing first order derivatives of the unknown. The stable
boundary conditions are built in the formulation explicitly by the choice of the
space. The unstable boundary conditions are included in the integral identity.
The nonhomogeneous unstable conditions yield the boundary integrals.

Function space.

According to integral identities we choose convenient function spaces. The
basic space is usually Sobolev space — a space of functions having generalized
integrable derivatives, see Section 12. The solution will be looked for in a
narrower space V' — a subspace of the basic Sobolev space of functions satisfying
stable boundary conditions in a generalized sense — sense of traces, see [9].
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If the stable boundary conditions are non-zero, then they do not form a
function space. We choose a function ug from the basic Sobolev space which
satisfies the prescribed boundary conditions. Then we look for the solution in
the space V + wug shifted by the function ug. Another way consists in replac-
ing the solution uw with ug + u*. Then the new unknown u* already satisfies
homogeneous boundary conditions.

Weak formulation.

Choosing a convenient basic Sobolev space W and its subspace V satisfying
homogeneous boundary condition, we obtain the weak formulation:

Finduw € W, such that u—wug € V and the integral identity holds for all test
functions v € V.

Replacing the solution u by u + ug the weak formulation reads:

Find u + ug, such that u € V' and the integral identity (with u replaced by
u ~+ ug) holds for all test functions v € V.

Remark. Let us underline that in the weak formulation of the second order
differential equation instead of looking for a twice continuously differentiable
solution we look for the solution having integrable first order derivatives which
even need not be continuous. Instead of pointwise equality (equation satisfied
in all points of the domain 2) we require that the integral identity is satisfied
for all test functions.

Justification of the weak formulation.

Before further analysis we must justify the formulation, i.e. to prove that
under the specified assumption for data, the unknown u and test function v the
integrals in the integral identity make sense and are finite.

Each term of the integral identity is estimated by means of Cauchy or Holder
inequality. In case of nonlinear equations the Theorem on Nemytskij operators
(Section 13) yields the desired result.

Operator formulation.

Since the integral identity is linear in the test function v € V', the terms
containing the unknown u define an operator A : V' — V’. Indeed, they define
the value (A(u),v) of functional A(u) at the test function v. The remaining
terms define the right hand side functional b € V.
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Applications of monotone operator theory.

The next step consists in verifying the assumptions. It is convenient to
divide the operator into several parts. As a byproduct of Theorem on Nemytskij
operator we obtain continuity and boundedness of the operator. Coercivity is
ensured by an growth estimate from below

(A(uw),u) > aful*  (a>0)
for the principal part. The remaining parts must not violate it.

In the nonlinear case the operator usually is not monotone. Quasilinear
operators use to be weakly continuous. The differential operators with strictly
monotone principal part use to satisfy condition (My). If the coefficients are
differentiable, the conditions can be formulated in terms of derivatives.

10. Examples.

ExAMPLE 1. A simple ordinary differential equation.

We shall deal with the boundary value problem for a second order differential
equation with homogeneous boundary condition

—u" +gu)=f inl=(0,1)
(10.1)
u(0) =u(1) =0,

where f is a given function, f € L?*(I). We shall investigate four cases of the
function g:

(a) g(§)=c-&, >0,
(b) g(&)=¢&

(¢) ¢g(&) is a continuous nondecreasing function,

(d) ¢(&) is an arbitrary continuous function.
In order to be able to use the monotone operator theory we reformulate the
problem into the form of operator equation on a Banach space V.

Integral identity.

We multiply the equation by a function v and integrate the it with respect
to x over I. Due to boundary condition u(0) = u(1) = 0 we choose the same
condition for test function v. Integrating the first term by parts and using the
condition v(0) = v(1) = 0 we obtain the integral identity

(10.2) /Iu’v’dx—f—/lg(u)vdx:/lfvdx.
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Function space.

The first term on the left-hand side is a bilinear form with first order deriva-
tives. It is the principal part of the scalar product (12.9) of the Sobolev space
W12(I). Indeed, with v = u we obtain the principal part of the norm (12.8)

(10.3) lullf > = /1 (I (@) + u(z)]?) dz.

Thus Sobolev space W2(I) (often denoted also by H%2(I) or H*(I)) is conve-

nient for the basic space. Taking boundary conditions into account we choose its

subspace with zero traces VVO1 ’2(] ) for the space V. The space V is also reflex-

ive separable Banach space, moreover it is a Hilbert space with scalar product
= [}V +uv]de .

Weak formulation.

The weak (often called generalized) formulation of the boundary value prob-
lem reads as follows:

Find uw € V' such that the identity (10.2) holds for each v € V.

The weak formulation is in fact the abstract operator equation A(u) = b.
Indeed, the operator A and the functional b are defined by relations

/ /] ] ‘7
b — ’ d .

Justification of the weak formulation.

We have to specify the assumptions for f in order to b € V'’ and to prove
that the operator A maps V into V', i.e. that for u € V the value A(u) € V".

We suppose that f € L?(I). Then the functional b can be estimated using
the Schwarz inequality (11.6) or (12.6):

/vada: < {/If2dxr/2 {/Iv2da:r/2:

= [Ifll2 - [lvll2 < const - o]l .

(b, v)| =

The linear functional b is bounded, thus it is continuous, i.e. b € V’.
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Let us deal with the operator A. The form (A(u),v) is linear in v. It remains
to verify that the functional A(u) is continuous, i.e. A(u) € V'. The operator
A consists of two parts A = A; + Ag. The first part A; defined by

(A1 (u),v) = /u’ v dx
I
maps V into V/ by virtue of the estimate (12.6) yielding

<l - 1Ml < fldly - flvllv -

(A1 (u), )| = ’/udx

Moreover, one can see that A; is a linear bounded operator and thus it is
continuous. Since [(A;(u),u)]'/? = [/, u'? dz]/? is an equivalent norm on the

space V = Wol’Q(I), (12.12), the linear operator A; is strongly monotone.
The second part A of the operator A is defined by

(Ag(u),v) :/Ig(u)vdx.

We need to prove that Ag(u) € V' foru e V, i.e.

|(Ao(u),v)| < const - ||v|ly, Vu,veV.

In the linear case (a) the estimate is clear. In the other cases we shall use
the imbedding of Sobolev spaces, see (12.14) or e. g. [9].

vV =W,*I)c ).
Indeed, the functions of V' are absolutely continuous with u(0) = 0 and thus

u(z) = [ w(s)ds which implies using (11.8):

x 1/2
lu(x)| S/ |u'(s)|ds S/]u'\ds < l/u'zds} - [meas(I)]*/?
0 I I
for all z € I. Consequently

(10.4) mIaX\u| < |ullv -

Since in all cases the function g is continuous, g(u(+)) is also bounded. Thus
we obtain the desired estimate

/1 g(uyv dz

and the weak formulation is justified. Moreover, we have proved that in all
cases the operator Ag is bounded. Indeed, due to continuity of u, g and (10.4)

[(Ao(u), v)| =

< masx g (u)] maxv] < e(u) [[o]lv
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the constant ¢(u) depends on the norm ||u|| and thus Ag is bounded. Similarly,
by the same argument, w, — w in V implies ||Aou, — Aou|| — 0, i.e. Ay is
continuous.

Thus the weak formulation is justified and the opertor A is bounded and
continuous.

Let us remark that the mapping u — g(u) represents a special case of the
so-called Nemytskij operator, see Section 13.

Application of abstract existence theorems.

Now we shall investigate the individual cases using abstract existence theo-
rems. We shall use the fact that the seminorm |ul; 2 = [(A1(u), u)]l/
an equivalent norm on Wy ?(I), see (12.13).

2
represents

(a) The operator A is linear and continuous, thus it is Lipschitz continuous.
For a non-negative constant ¢ the operator Ay is monotone and thus A is strongly
monotone. Theorem on strongly monotone operator yields the existence of
unique solution. Moreover, we have strong convergence of the approximate
solutions given by (3.3) or strong convergence of Galerkin approximations due
to Theorem 8.2, since the strongly monotone operator satisfies (Sp)-condition,
see Theorem 15.1. Let us remark that if the constant c is negative, the solution
need not exist.

(b) Again the operator A is continuous, bounded and strongly monotone,
since A is monotone

(Ao(u) — Ag(v),u —v) = /(u —v)?(u? + uv +v?)dr > 0
I

Theorem 5.1 yields the existence of the solution. Moreover the solution is unique

(Theorem 2.2) and the Galerkin approximations u,, converge strongly to u (The-

orem 8.1, 8.2) since strongly monotone operator is strictly monotone and satisfies

(Sp)-condition, see Lemma 15.1.

() Since g is a non-decreasing function, the operator Ay is again monotone
and we have the same result as in the case (b).

(d) Since g may have a decreasing segment, Ay need not be monotone.
Therefore, we make use of the fact that A is strongly continuous. Indeed, let
U, = win V. The compact imbedding Wy *(I) cc C°(I), see (12.16) yields
up, — u in CY(I) strongly. Since g is continuous, we have g(u,) — g(u) in
C°(I). Thus Ag(un) — Ag(u) in V' which follows from the estimate

| Ao(tn) — Ap(w)[y = sup / [9(tn) — g(w)Jodz <
lv||<1JT

max |g(u,(x)) — glu(x))| - su vldr — 0
< maslg(ua(x) ~ g(u@)| - swp [ o
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since [} [v[dz < ||v||, see (11.8). Thus both operators Ag and A; are weakly
continuous.

To obtain the coercivity of A we have to add another assumption for g:
(10.5) lim infj¢| 00 g(§) signé > —oo
The condition ensures that Aj is not “too negative”, i.e. it does not violate the
coercivity of A.

Due to Theorem 6.1 we arrived to the conclusion:

If the assumption (10.5) is satisfied then the problem admits a solution. The
solution need not be unique.

If (10.5) is not satisfied, the operator A need not be coercive and the problem
need not have a solution for some right-hand sides f, see [5], Chapter VI.

Let us remark that the operator is potential and the problem can be studied
by means of variational methods with similar results, see [5], Theorem 26.13.

EXAMPLE 2. General ordinary differential equation.

We shall consider a general second order differential equation in divergent
form with Dirichlet boundary conditions:

_d%: [a1 (z, u(x), v (x))] + ao(z, u(z), u'(x)) = f(x)  inI=(0,1)

Weak formulation.

We rewrite the problem in the form of an operator equation on a Banach
space. For a second order problem we shall use the Sobolev space W12(I) as
the basic space. Due to stable boundary conditions u(0) = u(1) = 0 we shall
take test functions from its subspace with zero traces V = Wy *(I). Tt is a
reflexive separable Banach space, too.

The equation is in the divergent form, hence multiplying it by v and inte-
grating the first term by parts (due to v(0) = v(1) = 0 the boundary terms
vanish) we obtain the integral identity

(10.6) /I[al(-,u,u’)v’—I—OLO(-,u,u')v] dx:/lfvdx.

We define the operator A : V' — V' by the relation

(10.7) (A(u),v) = /I[al(-,u,u')v' +ap(-,u,u)v]dz, Vu,veV.
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We can consider a more general right-hand side f = fo — f]. Since we
admit also discontinuous f; the case includes even the Dirac distribution in the
right-hand side f. We define b € V' by the relation

(10.8) (b,v):/I[f0v+f1v’]da:, vev.

The weak formulation of the problem reads as follows:

(10.9) Find w € V such that (A(u),v) = (b,v) holds for allv e V.

Justification of the weak formulation.

We have to specify the coefficients in such a way that the integrals in the
formulation exist and are finite, in other words that the operator A defined
above really acts from V into V' and b € V.

We assume fo, fi € L?(I). Due to the estimate (12.6) we have

(b, 0) < [[follz [lvll2 + [[f1ll2 1'[|l2 < const.[|v]|v

which yields the functional b: V' — R is continuous, i.e. b € V'.

Let us deal with the operator A. We have to find conditions which are general
enough and that ensure the composed functions a; (-, u(-),u'(-)) are measurable
and integrable such that A acts from V into V’. Let us remark that superpo-
sition of measurable functions need not be measurable.

The problem can be solved by Theorem on Nemytskij operators, see Section
13.

First, we adopt a natural assumption that the coefficients ag, a; satisfy the
so-called Carathéodory conditions:

are measurable in z for all £ € R? and
continuous in £ for almost all x € I.

(10.10) ai(z, o, &1) {

In the integral identity we have [} ao(-,u,v/)vdz and [;ai(-,u,u’) v dx.
Since v,v" € L?(I), we need a;(-,u,u’) € L*(I), i.e. we need the mappings

(u,u’) € L*(I) x L*(I)  +—  a;(-,u,u’) € L*(I).
Following the theorem it is ensured by the growth condition
(10.11) |ai(, &0, €1)] < g(@) + c([Sol + 1&2]),  =0,1,
where g € L?(I), ¢ > 0. Indeed, the estimate yields

|ai(z, u(z), u'(z))| de < g(z) + c(Ju(z)] + |v'(2)])
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which implies using (11.4) the estimate
/ Jai(z, u(z), w/(2))]* do < 3 [|lgll3 + ull3 + ]3] -

Condition (10.11) can be weakened if we take into account that the function
from V has its values in a better space than L? and use the imbedding of
Sobolev spaces. In our case V. .C Wh2(I) € CO(I) C L*°(I), see (12.14). Thus
v € L*(I) and it is sufficient to require only ag(-,u,u’) € L*(I). The necessary
mappings

(u,u') € L® x L*(I) +—  ai(-,u,v') € L*(I),
(u,u’) € L® x L*(I)  +~  ao(-,u,u’) € L*(I).

are ensured by the growth conditions

la(z,80,861)] < e1(l€ol)(g91(z) + |€1])
lao(x,€0,€1)| < co(l€ol)(go(z) + |€1]7),

(10.12)

where cq(t), c1(t) are continuous functions and go € L'(I), g1 € L*(I).
We can conclude:

Let the coefficients a;(z, &y, &1) satisfy Carathéodory conditions and (10.11)
or (10.12) and fo, fo € L*(I). Then the operator A maps V into V' and the
weak formulation (10.9) of the problem is justified.

Application of the abstract theorems.

Due to the Theorem on Nemytskij operators — assertion (c), the operator
A is continuous and bounded.

The coercivity of the operator can be ensured by the condition

(10.13)  aq(z, &0, &1)& + ao(w, &0, &1)é0 > c|&)> — K, V&, & €R

holding for a.e. x € I, where ¢ > 0, K € R. Indeed, the condition yields
(A(u),u) = /[al(.,u,u’)u’ +ao(-, u, v )uldz > ¢ /u’2 de — K.
I I

Since [ [ u/ % dz]'/? is an equivalent norm on V, the operator A is coercive.
Concerning the other assumption we distinguish four cases:

(a) Monotone case. The monotony of the operator A can be ensured by
the condition
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[Gl(l“, 0,61) — ax(z, 770,771)] (&1—m)+ [Go(l’,fo,fl) — a1 (x, 1o, 771)] (50 —n0) >0

(10.14) V&,&1,Mm0,m € R and for a.e. z € 1.

Indeed, it yields
(A(u) — A(v),u—v) = /1{[a1(" u, ') = ai (v, 0)] (u = ')+

+[ao (-, u,u’) — ap(-,v,v")] (u—v)}dz > 0.

Using Theorem 5.1 we obtain the conclusion:

Let the assumptions (10.10) and (10.11) or (10.12) with (10.13), (10.14)
be satisfied and fo, fi € L*(I). Then the problem (10.9) has a solution. All
solutions form a nonempty closed convex subset of V .

(b) Weakly continuous case. In many important cases monotony is not
satisfied. If the operator is quasilinear i.e. the coefficient a; is linear in & :

(10.15) a1(z, €1, 0) = &1 - aj(z, &),

and ag(z,&1,&) is linear in & or independent of &; then due to Lemma 17.3
both parts of the operator A are weakly continuous and Theorem 6.1 yields:
Let the assumptions (10.10), (10.12), (10.13) and (10.15) be satisfied and
fo, f1 € L3(I). Then the problem (10.9) admits a solution.
(c) The (S;) condition case. In many important cases the operator A is
neither monotone nor quasilinear. Instead of it we can assume strong monotony
in the principal part of the operator, i.e.

(10.16) [a1(z, 0o, &1) — ar(z, 00, m)] (&1 —m) > al&s —m > (a>0).

Then the operator Ay, glven by (A1 (u f / aq (-, u,u')v" dz, satisfies condi-

tion (S)4. Indeed, let u, > uin V and let lim sup(A4; (un) — A1 (uw), u, —u) <O0.
Due to (10.16) we obtain

ol =3 < [ ar(con, ) = aa (e n, )] — ) o =
1

= (A1 (un) — A1(u), up —u) + /I[a1(~,u, u)](u), — ') dx .

Let us pass to the limsup. Due to the assumption, limsup of the first term
is non-positive. Since u,, = u in V, the compact imbedding of V into C°(I)
implies uniform convergence u,, — u and due to the continuity of a1 (z, &y, &1) in
&o the second integral tends to zero. Since ||u'||2 = |ul1,2 is an equivalent norm
on V, we obtain |lu, — u||?, — 0 which proves condition (S) .
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Further, we suppose that ag is independent of &1, i.e.

(1017) ag = ao(w,fo) .

Then the second part of A, the operator Ag is strongly continuous. Due to
Lemma 16.2 (c) the sum A also satisfies (Sy). Justifying the formulation we
ensured that the operator is continuous and bounded. Using Lemma 16.1 we
see that it satisfies (My)-condition. Thus the assumptions of Theorem 7.1 are
satisfied and with Theorem 8.2 we reach the following conclusion:

Let the assumptions (10.10), (10.12), (10.13), (10.16) and (10.17) be sat-
isfied and fo, f1 € L*(I). Then the problem (10.9) has the solution. Moreover
the sequence of Galerkin approximate solutions contains a strongly converging
subsequence.

(d) Pseudomonotone case. Let us briefly mention the most general case.
We assume only strict monotony in the principal part of the operator A, i.e.

(10.18)  lai(z,60,&1) — ar(z, b0, m)](&e —m) >0 VO.&,m, & #m.
Then one can prove the pseudomonotony of the operator A without assumption
(10.17), see [10], [13].

Remarks.

(a) If the coefficients a;(z, &, 1) are differentiable in &gy, &1, then the mono-
tony condition (10.14) can be rewritten in the form

S 060 )77 + | et (0160, 60) + e (0,60 0) | o+
8&0 2
+ a7 (.ﬁlj’ 507£1>770 >0 vfo 5177707771 eR.
9o

Indeed, using the mean value theorem we can write

[a1(, &0, &1) — a (@, mo, m1)](§1 — m1) + [ao(z, S0, €1) — ao(z,m0,m1)] (€0 — 10) =

8@1

— /01 [2_2(9)(51 —m)+ 3¢ = (0)(% —770)] (& —m)dt+

9 )
v [ 5 w6 - m)+ 20 - w) (6 - m,
where 0 stands for (x,m0 +t(§0 — 70),m +t(§&1 — n1)). Thus the above intro-

duced condition yields monotony (10.14). Similarly we can rewrite assumptions
(10.13), (10.16) or (10.18).
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(b) The fact that only homogeneous Dirichlet boundary condition were con-
sidered is not substantial. Other boundary conditions bring only technical dif-
ficulties.

(c) The problems with coefficients growing more rapidly than (10.12) can
be investigated using Sobolev spaces WP(I) with p > 2 or using Orlicz spaces,
see e.g. [5], [9].

(d) The above introduced procedure can be applied also to boundary value
problems for differential equations of order 2m, for partial differential equations
and even for systems of equations, see [5], [10], [12].

ExAMPLE 3. Nonlinear heat-conduction equation.

Stationary heat-conduction equation is a well known linear elliptic second
order equation. If the constant describing heat conductivity properties depends
on the temperature, we obtain a nonlinear problem which is not monotone.
Since it is quasilinear we can apply theorem on weakly continuous operators.

Formulation of the problem.

Let Q be a bounded domain in RY (N = 2 or 3) with Lipschitz boundary 09
divided into two parts I'g,I'y. We assume that I'g has positive surface measure.

We shall consider the equation

(10.19) ->

with mixed boundary condition

P@wfh}:f in O

0

(10.20) u=0 only, ;a(x, u)g—;im =g onTy.

Let us remind that the problem describes steady state of the heat conduc-
tion (u(z) means temperature) in a body occupying volume € with internal heat
sources f. Function a(x, §) describes heat conduction properties of the material.
On the boundary, temperature or heat flow is prescribed. To simplify the prob-
lem we consider zero stable boundary conditions only. The nonhomogeneous
case u = Uy on I'y causes technical difficulties only.

Integral identity.

Due to prescribed value at I'y we multiply the equation by a function v
satisfying v = 0 on I'y. Using Green’s theorem (see Part III) we transform the
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left-hand side integral. In the integral over I'y we use the boundary condition.
In this way we obtain the integral identity

ou Ov
/Q;a(x,u)a—xiaxidx—/vadx—I—/FlgvdS veV.

Weak formulation.

The space V is defined as the closure of the set {u € C1(Q),u=0 on I'g}
in the norm of Sobolev space W12(Q). The space V is a reflexive separable
Banach space.

We define the operator AV — V' and the functional b € V’ by the relations

(10.21) (A(u),v) = /S)Za(x,u)al&dx, Yu,veV,

(10.22) (b,v) = /fvdx—f—/ gvdS, V,veV.
Q '

The problem can be formulated as follows:

(10.23) Find v € V such that (A(u),v) = (b,v) Yve V.

Justification and application of abstract existence theorem.

To ensure b € V' we assume
(1024) f € L2(Q) N g c LQ(Fl) .

Further, we use the Lemma 17.3 to prove that the operator A being of the form
(17.1) is “well” defined and weakly continuous:

We assume that the coefficient a(x, §) satisfies the Carathéodory conditions.
Since the derivatives of u and v are in L?(Q) we need a(-,u) to be in L ().
This is ensured by the growth condition (see Section 13, assertion (b”)

(10.25) la(z,&)| < ¢ (c < 00).

Since the imbedding W12(Q) cC L?(Q) is compact for N = 2,3 each term
is well defined and weakly continuous. The same holds for their sum, Lemma
17.1.

It remains to verify the coercivity of operator A. It is ensured by the as-
sumption
(10.26) a(z,&) >« (a > 0)

since | - |1,2 represents an equivalent norm on V.
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We can conclude: If (10.24)—(10.26) is satisfied then the problem (10.23) has
a solution.
Remark. For (10.25) the operator u +— a(-,u) mapping LP(Q2) into L>° ()

is bounded but not continuous. Considering the operator with the function

a(z, &) - £&1) we obtain desired continuity. Indeed, mapping u, @ — af-, u)%

is continuous, since the growth condition (13.4)

a(z,&) & < c-|&|

is satisfied.

EXAMPLE 4. Stationary Navier-Stokes equations.

The system of Navier-Stokes equations is a nonlinear problem due to non-
linear convective term. It represents a simple model of stationary viscous flow.
The problem leads to an abstract equation with weakly continuous operator.

Formulation of the problem.

Let Q be a bounded domain in RY (N = 2 means the plane case, N = 3 the
space case) with Lipschitz boundary I". We shall consider the following system
of equations called stationary Navier-Stokes equations:

0%u; ou; Op , .
(10.27) —VZ +ZJ '—fi+a— i=1,...,N inQ,

X

(10.28) ZZZ’— in Q,

where the sums are from 1 to N. For the sake of simplicity we consider homo-
geneous Dirichlet boundary condition

(10.29) u=0 onl.

The system describes the steady state flow of the incompressible viscous li-
quid occupying volume {2 subjected to given external volume forces f = {f;(z)}.
The introduced boundary condition (10.28) means that the liquid is closed
within fixed walls.

The flow is described by two unknowns: the vector function velocity u =
{u;(x)}; and the scalar function pressure p = p(z).

The first equation is the equation of motion: the first term on the left-hand
side is the viscous term with v — the constant of viscosity, the second one is
the convection term. The second equation is the continuity equation expressing
the mass conservation law.
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Weak formulation.

We shall look for the solution in the space V' defined as the closure of the

set
ou;
1 (] .
{uE C’ g axz— Q, u=0 onf}

in the norm of vector Sobolev space [W12(Q)]". The space V is a separable
reflexive Banach space.

We multiply the i-th equation (10.27) by a function v;, integrate it over 2
and sum them up. Applying the Green theorem to the viscous term and term
with the pressure we obtain

Taking u,v € V the integrals over I' vanish due to v = 0 on I'. The integral
with pressure p vanishes due to > (9v;)/(0z;) = 0. Moreover, u € V implies
that the equation (10.28) is satisfied; thus it can be omitted.

Using a bilinear form a(-,-) and a trilinear form b(-, -, -)
ou; 0v; Ov;
a(u,v):/gizjaxja—xjdaj, b(u, v, w) /Zuj ~w; dz

we define the operator A : V — V'’ and the functional f € V’

(10.30)  (A(u),v) = a(u,v) + b(u, u,v), (f,v) = /QZ fividzx .

In the introduced notation the problem can be formulated as follows:

(10.31) Find v € V such that (A(u),v) = (f,v) Yo e V.

Remark. The weak formulation does not contain the pressure p. One can
prove that to any sufficiently smooth weak solution u of (10.31) there exists a
function p such that u, p is the solution to (10.27)-(10.29).

Justification and application of abstract existence theorem.

In order to ensure f € V' we assume f € [L2(Q)]V.

34



The bilinear form a(-,-) is continuous on V' x V. Following Lemma 17.2 the
first part of A is weakly continuous.

The trilinear form b(-, -, ) consists of terms [ u; (du;)/(0z;) v; dz which are
of type (17.2). Using Lemma 17.3 we prove that they are well defined and
weakly continuous. Indeed, for N < 3 the imbedding

wt2(Q) cc LYQ)
is compact, see (12.15). Thus the problem (10.31) is well defined.

It remains to prove that the operator A is coercive. We get use of the equality
(10.32) b(u,u,u) =0 ueV.
Applying the Green theorem for v =0 on I' we obtain

6vi awz
b(u,v,w):/QZZj:uja—xj /Za—%vzwzdx—/z%vz

The first integral on the right-hand side vanishes due to w € V. Thus we
obtained b(u, v, w) = —b(u,w,v) and for v = w the equality (10.32) follows.

Taking (10.32) into account we have (A(u), u) = a(u,u) > const - ||ul|?, since
[a(u,u)]*/? forms an equivalent norm on V' and the coerciveness follows.

We can conclude: For f € [L2(Q2)]" the problem (10.31) admits a solution.

Remark. Nonhomogeneous boundary conditions cause some difficulties in
the proof of coerciveness of the operator, a special ”cut off” function should be
used. For small f also uniqueness can be proved.

EXAMPLE 5. General partial differential equation.

The following example is a general second order partial differential equation.
The application of the method will be only outlined.
Formulation of the problem.

Let © be a bounded domain in RY with a Lipschitz boundary 09 divided
into two parts I'g,I'; and let us consider the equation

(10.33) — Z % [ai(z,u, Vu)] + ag(z,u, Vu) = f in Q
with mixed boundary conditions

(10.34) u = wuy only,
(10.35) Z a;(x,u,Vu)n; = g only.
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Weak formulation and its justification.

Taking into account the stable boundary condition (10.34) we define the
Banach space V as the closure of the set {u € C*(2),u = 0 on I'g} in the
Sobolev space W12(Q). We define the operator A : W12(Q) — V' by

ov

(10.36) (A(u),v) = /Q [Z a;(z,u, Vu) oz, + ap(x, u, Vu) v] dz

and the functional b € V' by

(10.37) <b,v>:/vadx+/F gvdsS.

Thus we obtain weak formulation of the problem (10.33)-(10.35):

Find v € W12(Q) such that u — ug € V and

(10.38) (A(u),v) = (b,v) holds for each v € V.

To justify this formulation we adopt assumptions
(10.39) ug € WHA(Q), feL*(Q), ge L*Ty).

According to Theorem on Nemytskij operators it is sufficient to suppose that
the coefficients a; : @ x R x RY — R,i=0,1,..., N satisfy the Carathéodory
conditions (13.1) and the growth conditions

N
(10.40) @i, €0, €1, -, EN)| < gile) + e Y161,
j=0

where g; € L?(Q) and ¢; > 0. This growth restriction can be weakened using
imbeddings of Sobolev spaces, see (12.13).

Application of the monotone operators.

The above introduced assumptions yield also boundedness and continuity of
the operator A. The condition

N N
(10.41) D ai(w, &0, &1, En)G > di Y&+ do&f — h(x)

with do,d; >0 h € L'(Q) implies the coercivity of the operator. If |u|; o is an
equivalent norm on V', then we can admit dy = 0.
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Further, if the following condition

N

(1042) Z(ai(x7€07€17 s 7€N) - ai(l’ﬂ?o,??l, .- 777N>)(€l - Th) > 07

i=0
is satisfied, then the operator is monotone and using Theorem 5.1 we obtain the

following result:

Let (13.1), (10.39)-(10.42) be satisfied. Then the problem (10.38) has a
solution. The solutions form a closed convex subset.

If (10.42) is not satisfied, we can assume only strict monotony in the principal
part of the operator, i.e.

N
Z(ai(a}v 907517 .. 751\7) - ai(x79077717 .. 777N)>(£2 - Th) > 07

i=1
(1043) for all 90, (fl,...,fN)#(m,...,nN).

Then we can prove the pseudomonotony which implies (Mj)-condition. For
the proof we refer to [13]. Thus using Theorem 7.1 we obtain the following
result:

Let (13.1), (10.39)—(10.41) and (10.43) be satisfied. Then the problem
(10.38) admits a solution.

Remarks.

(a) If the operator is quasilinear, i.e.

(A(u),v) = / 6_uai7j(x’ u)@ + agp(z,u, Vu)v| da
Q

»J

with convenient growth condition, then it is weakly continuous. If it is in ad-
dition coercive, e.g. (10.41) holds, then by virtue of Theorem 6.1 the solution
exists.

(b) The same procedure can be applied to a system of equations, see e.g.
[10]; the obtained results are similar, only the formulae have more indices.

(c) If the coefficients are differentiable, the conditions (10.41)—(10.43) are
often expressed in terms of derivatives.
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ExAMPLE 6. The 2m-order partial differential equation.

To close the examples we shall briefly mention the case of 2mt*order equation
(10.44) > (- Dan(z,u,D'u,...,D™u)] = f on Q
lo|<m
with suitable boundary conditions, see e.g. [5]. The simplest case is

(10.45) DPu=0 ondQ, VB, |B|<m-1.

In this example we use the notation with multiindices denoted by Greek
letters v = (v, ...,an), o; € {0,1,...,m}. We put |a] = > . ;, and further
D® means
ol /(xS - - 925%™ ) and D*u denotes {D%u, |a| = k} .

The suitable Banach space V is a subspace of the Sobolev space W™2(Q)
containing Wy" 2(Q) chosen in accordance with the consedered boundary con-
ditions. In case (10.45) we choose V = W;™*(Q). The corresponding operator
A:Wm2(Q) — V' is defined by

(10.46) (A(u),v) = /Q Z ao(z,u,D'u, ..., D™u)D) dz .

la|<m

In order to the operator A be “well” defined, the coefficients aj are supposed
to satisfy the Carathéodory conditions and the growth conditions

(10.47) aa (@, < g(x) +¢ Y €5l VE= (€5, 18] < m).

|B]<m

Again using the imbedding theorems, this growth conditions can be weak-
ened, see e. g. [5], Theorem 16.14. The condition

(10.48) > (@, = dy Y &+ do&h = h(x)
la|<m lov]=m
implies coercivity, the condition
(10.49) > [aa(@,€) — aa(z, m)](€a = 1a) 2 0
loa|<m

ensures monotony of the operator and the existence result follows. It is sufficient
to assume only strict monotone in the principal part, i.e.

(10.50) Y [aa(@,0,&m) = aa(@,0,mm)](Ea = Na) =0 Vém # m

la|=m

where 6 = (05, 18] <m—1), & = (€5, 6] = 0), which implies pseudomonotony.
However, the proof is rather complicated, see [13]. In this way the abstract
existence theorems can be applied.
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Part III
Auxiliary results

In this last part we introduce several auxiliary results that may be useful in
application of the abstract results to particular problems. The results are often
without proof.

We start with Green’s formula. Integration by parts in dimension one

/fgdx— ro)" /fg dz

can be generalized to higher dimension:

Green’s theorem. Let (2 be a domain with Lipschitz boundary and u,v
smooth function on ). Then

/ auvda::/ uvnidS—/uav dz,
96:1:2 90 Q 8:1,3

where n; is i-th component of the outer unit normal vector.

11. Inequalities.

Justifying the weak formulation we often need to estimate integrals either
in cases of linear operators or in growth condition for Nemytskij operators.

Inequalities for finite sequences.

The simplest inequality
1
(11.1) lab| < 3 (a® +b?)

is a consequence of the inequality (a—b)? > 0. Similar inequality (ea—b/¢)? > 0
yields

€ 1
11.2 bl < Za?2 + —b2.
(11.2) abl < 5a* + o

Also the inequality
(11.3) (a+b)? < 2(a® +b?)

is another consequence of (11.1). It can be generalized to n members

(11.4) (a1 +as+---+a,)?> <n(a?+a3+---+a2).
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Again, the proof follows from (11.1) applied to terms 2a;a;. Similar estimate
holds also for p‘"-power (p > 0):

(11.5) lar +az + -+ anl? <c- (lar]P + Jag|? + - - + |an|P),
where c is a positive constant dependent on p, n. Let us introduce a simple proof
with ¢ = nP. Let M = max(|ai],...,|a,|). Since |a;/M| <1 we have
aq an |P
o+ Fanl” = |gp oA g M7= (M)T <0 (a4 fanl?)

The estimate holds with a better constant ¢ but the proof is more complicated.

Inequalities for integrals.

We shall suppose that all expressions make sense, particularly ¢ RY and
the integrals are finite.

The most frequent is the Schwarz inequality:

<[ el " [t

which is a special case of the Holder inequality

1/p 1/p’
< Uﬂrﬂpdw} -[/Q\gwp dm} ,

where p, p’ are conjugate exponents p, p’ € (1, 00) satisfying 1/p+1/p' =1, i.e.
p =p/(p—1). For proof see e.g. [9]. Putting g = 1 we obtain:

/Qfdac

The Holder inequality can be generalized to a product of finite number of

functions f1, fo, ..., fx:

1/p1 1/pk
[ i feds < [/ !flwpldx} [/ \fkrpkda:} |
Q Q Q

where the exponents p; € (1, 00) satisfy

(11.6) '/Qfgda:

(11.7) '/Qfgdx

(11.8) < [ / \f|pdx} " [meas(2)]* V7P

(11.9)

The inequality can be proved by multiple use of the Holder inequality.
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12. Function spaces.

We shall briefly introduce basic properties of Lebesgue and Sobolev spaces.
Let Q be a domain in R (although the Lebesgue spaces can be introduced for

any measurable set) and let M(€2) denote the set of all measurable functions
on 2.

Lebesgue spaces.

Lebesgue spaces of integrable functions on 2 have one parameter p € [1, 0o].
For p < oo the LP norm of a measurable function « is defined by

(121) full = | [ tup s "

and for p = oo it is

(12.2) uloo = esssup{|u(z)|| z € Q} = inf sup |u(z)|.
INI=0 zeQ—N

Taking the space of measurable functions with finite norm |[|u||, we obtain a

space EP(Q). Identifying the functions which differ on a zero measure subset
(we say that they are equal a.e. — almost everywhere) we obtain the Lebesgue
space LP():

LP(Q) = LP(Q) |cae. = {u € M(Q) | |Jull, < 00} |_

—a.e. ’

The spaces LP(2) are Banach spaces, they are separable except for p = oo
and reflexive except for p = 1, co.

In case p = 2 the space L?(Q2) is Hilbert space with scalar product

(12.3) (u,v) = /qudx.

The induced norm coincides with || - ||2.

There are natural imbeddings for domains €2 of finite measure () < oo:
(12.4) L1(Q) C LP(Q) for p<gq.
Indeed, (11.8) with p=¢q/p, p' = q/(¢ — p) and u = |u|P yields
Jallp < lully - [() 5P/ @
which proves the imbedding. Particularly
(12.5) L2() c LX) lull < Jlull2 - [w(2)]2.
The inequalities (11.6) and (11.7) can be rewritten using the LP norm:

/uvdx < ull2 - [|v||2 '/uvdx
Q Q

(12.6) < lullp - [lollp -
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Sobolev spaces — norms.

The Sobolev spaces of functions on a domain  C RY has two parameters:
the order of derivatives k (k = 0,1,2,3,...) and the power p (p € [1,00]). We
mention the general case but we shall deal particularly with the case £ = 1 and

p=2.
Using the Lebesgue norm ||ul|, defined by (12.1), (12.2) Sobolev norms ||u||x
can be defined by summing the norms of functions and their derivatives up to

order k:
lullep = IDul,,
la| <k

particularly for £ = 1:

b =l + | g |+ 52 |

Since for p = 2 we can introduce a scalar product (-,-); and we want equality
(u,u)p = |lull? , holds, we introduce another (k,p)-norm which is not equal
but equivalent (both give the same convergence and the same topology) to the

previous one:
1/p

(12.7) lullep = | D ID%ulb|

la| <k

particularly for £ = 1 and p = 2 we have the norm:

R

ouf*
6.(171

1/2
(12.8) |

H(’?azl

-1

and the corresponding scalar product:

ou Ov
(12.9) (u,v)1 = (8—:81’3—361)+

= / ﬂﬂ%— +_8u _61) +uv | dz
— Jo \ 021 824 dxn Ory '

u
_|_..._|_’_
TN

Definitions.

There are three ways of introducing the Sobolev space. The first consists
in completion the set of smooth functions, the second in selecting the function
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from the set of distributions — generalized functions. The third is based on the
notion of absolutely continuous functions. We shall suppose that €2 is a bounded
domain in RV,

The first way W5?(Q): Let the domain © be bounded. We start with the
set of all infinitely differentiable functions on R restricted to the domain €
denoted by £(Q) . Then the Sobolev space denoted by W¥P() is defined by

completion in the corresponding norm:

WHP(Q) = completion of the set £(Q) in the norm || - ||x.p -

The second way H*P(Q): Let D(Q) be the space of infinitely differentiable
functions with compact support in 2 and let D’ () be its dual i. e. the set of all
continuous functionals in D(£2). These functionals are called distributions. Let
us remind that they are continuous in the following sense: (T, p,,) — 0 for any
sequence {¢,} C D(Q) such that all ¢,, are zero outside an compact set K C 2
and all derivatives D%y,, converge to 0 uniformly on €.

In general, the distributions are not functions, nevertheless some of them
can be represented by integrable functions. Any function f € L'(2) defines a
distribution 7" defined by its value at functions ¢ from D({2):

<T,so>=/ﬂfgodx Ve D).

The distributions that can be represented in this form are called regular. We
identify them with its representing integrable function. In this sense LP () is a
subspace of the set of distribution D’(£2) .

The distributions form a linear space, they can be multiplied by C*° func-
tions and differentiated as many times as one wants by the formula:

(DT, @) = (—=1)I*1(T, D) VyeD(Q).

Thus any distribution 7" has derivatives of all order in this sense called in the
sense of distributions. These derivatives can be again regular (or not) and thus
we can decide whether they are in LP(2) or not. If the usual derivative exists
then it coincides with the distributional one.

The Sobolev space denoted by H¥P(Q) is the set of distributions such that
their distributional derivatives up to order k can be represented as LP-functions:

HP(Q) ={ueD'(Q)| D*u e LP(Q) Va,la| <k},

The third way. Let us briefly mention the Beppo-Levi definition of Sobolev
spaces, see [9], the k = 1 case only.

Let us denote by AC;(€2) the space of functions absolutely continuous on
almost all closed segments in (2 parallel to x; axis. These functions have deriva-
tives (Ou)/(0x;) almost everywhere in Q. Then the Sobolev space with p and
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k =1 can be defined by

ou ou

Comparison of the definitions.

Beppo Levi construction yields the same space W1P(Q) as the first definition.
The second definition is different. In general we have only

WkP(Q) c H*?(Q).

In case of domains with Lipschitz boundary and p < oo we obtain the same
function spaces:

WkEP(Q) = H*?(Q)  for pe[l,00).

That is one of the reasons why we shall deal with domains {2 with Lipschitz
boundary only. Nevertheless for p = oo we have W*>°(Q) ¢ H**°; particularly
W9 (Q) = C%(Q) and H*>®(Q2) = L>(9Q).

Zero trace spaces and equivalent norms.

Starting from the space of smooth functions with compact support in €2
denoted by C§°(2) we obtain

WEP(Q) = completion of C3°(Q) in the norm || - k,p -

The functions have zero values and zero derivatives up to order £k — 1 in a
generalized sense at the boundary.

This construction is used for spaces for boundary value problems with sta-
ble boundary conditions. The boundary condition u = 0 on I'y (I'y C 09)
attached to a second order differential equation is included into the Sobolev
space. The solution is looked for in the space V' defined as completion of the set

(12.10) V={uecé)| u=0 onTo}
in the (1,2)-norm, or the closure of the same set in W2(02).
The functional norming only the highest order derivatives

1/p

(12.11) [ulkp = | D ID%ul}
|| =k
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is a seminorm on W*?(Q) since for k—1 order polynomials p we have |p|x , = 0.

But on zero trace spaces Wi P () the introduced seminorm is equivalent to the
the norm (12.7). Particularly, the seminorm

9 1/2

) dx] .

(12.12) lufy. = [/Q < g—;

represents the norm on W,*(Q) equivalent to the norm defined by (12.8). It
is true even in case of Sobolev spaces defined by completion of the set (12.10)
with I'g having positive surface measure.

2

ou
89@ N

Properties of the Sobolev spaces.

The Sobolev spaces W*P(Q) are separable in case p € [1,00) and reflexive
for p € (1,00). For p = 1 the space W*P(Q) is not reflexive, for p = oo it is
neither separable nor reflexive. The same holds for its zero trace subspaces.

Theorems on imbeddings.

Besides the natural imbeddings W*? c W4 for | < k and ¢ < p (in case
of the bounded domain 2) there are other imbeddings of the type “for less
order of derivatives | < k we can obtain integrability in higher power ¢ > p”.
Proof of each imbedding X C Y is enabled by estimate ||u|ly < const - ||ul|x.
We introduce the imbeddings of W1P(Q) and corresponding estimates. The
imbedding depends on the dimension N.

Theorem on imbeddings. (see e.g. [9]) Let 2 be a bounded domain in
R with Lipschitz boundary, N > 2 and p € [1,00). Then:

(12.13) Whr(Q) c L9(Q) lullg < ¢ flu

1,p

provided
— either p < N and q € [1, ¢*] where ¢* satisfies 1/¢* =1/p—1/N ,
—orp=N and q € [1,00) and

1,p>

(12.14) Whtr(Q) c C°(Q) [c L=(Q)] max lu| <c-lu

provided p > N. The constants are independent of u.

Remarks: By multiple application of the theorem we obtain e. g. for kp > N
Wke(Q) c C°(Q) . In (12.14) we have imbedding of W'?(Q) not only into
C%(Q) but even into the space of Holder continuous functions C%*(€2).

If the imbedding is not “sharp” we have even compact imbedding:

45



Theorem on compact imbeddings. (see e.g. [9]) Let Q be a bounded
domain in RN with Lipschitz boundary, N > 2 and p € [1,00). Then the
following imbeddings are compact:

(12.15) WP (Q) cc LY(Q)

provided
— either p < N and q € [1,q*) where ¢* satisfies 1/¢* =1/p—1/N ,
—orp= N and q € [1,00) and

(12.16) whP(Q) cc C'(Q) [C L™(Q)],

provided p > N .

The compact imbedding X CC Y is a strongly continuous identity map
X — Y. It means that any set bounded and closed in X is compact in Y
particularly a sequence weakly converging in X is strongly converging in Y.

Theorem on traces.

Integrable functions are defined up to a zero measure subsets. In general,
the values on the boundary are not defined, since the boundary has measure
zero. In case of Sobolev spaces with & > 1 the values at the boundary (or a
(N-1)-dimensional “good surface”) can be determined as a LP(0f2) function.

We extend the usual restriction operator giving to a continuous function f
on () its restriction to 02 by continuity to a mapping between Sobolev and
Lebesgue space: W1HP() into LP(02). These restrictions are called traces.

Theorem on traces. (see e.g. [9]) Let Q be a domain with Lipschitz
boundary. Then the restriction operator

T:ueC™(Q)— ulgn

can be uniquely extended to a continuous operator 7 mapping the spaces
T:WhP(Q) — LP(09) .

The trace operator is contiuous and linear, thus is bounded, i. e.

(12.17) [ull o) < cflu

1,p>

where the constant ¢ depends on 2, 0S) and p.

13. Nemytskij operators.

The composite operators between Lebesgue spaces can be justified by means
of the following theorem:
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Theorem on Nemytskij operators.
Let © be a domain in RY and h(x,¢) a function

h:OxR™ = R.

(a) Let h satisfy the Carathéodory conditions, i.e.

is measurable in x for all fixed £ € R™,
is continuous in ¢ for almost all x € (),

(13.1) h(z, €) {

Then the composed function h(-,uy,us, .. ., Uy) is measurable for all measurable
UL, Uy v v ey Uy, -

(b) Let the function h satisfy the Carathéodory conditions and let
P1,D2,- -, Pm, T € [1,00) be given constants.

Then the Nemytskij operator
H:up,ug,y .ty h(ur (), ue(s), oy um(t))
maps the spaces
(13.2) H:LPY(Q) x LP2(Q) x ... x LP(Q) — L"(Q)

if and only if the function h satisfies the following growth condition

pi/T
)

(13.3) h(x, 61,60, &m)| < gla) + D[
=1

where g € L"(2) and c is a positive constant.

(b’) The assertion (b) holds even if p; = oo for some i. Let p; = oo for
i=1,2,...,8;s <m and p;,r € [1,00) fori =s+1,...m.

Then the assertion (b) holds if we replace the growth condition by

g(x) + Y ’fipi/T] :
1=s+1

where g € L" () and ¢(t) is a continuous positive function.

i=1

(b”) In case r = oo the assertion (b) holds if we replace the growth condition
by
(135) ‘h('xv&lv&%"'vgm)’ §C7

where c is a positive constant.

(c) If the assumptions of (b) or (b’) are satisfied, then the operator H is
continuous and bounded as the mapping of the corresponding function spaces.
If the assumptions of (b”) are satisfied then the operator is bounded (but need
not be continuous).
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14. Continuity properties.

In this section we compare various types of continuity. We start with their
definitions. We added boundedness since it is equivalent to continuity in case
of linear operators.

Definitions. Let A:V — V' be an operator on a Banach space V.
We say that the operator A is
— continuous iff

(@) Up —u = Alup) — A(u),

— demicontinuous iff

(dC) Up —u = Au,) > Au),

— strongly continuous iff

(sC) Uy Du = Aun) — Au),

— weakly continuous iff

(wC) Up Du = Aun) > Au),

— hemicontinuous (i. e. weakly continuous on lines)  iff
(hC) {ta} CR t, =0 =  A(u+t,v) > Au),
— continuous on lines iff

(i0) {th} CR,t, -0 = A(u+t,v) — A(u),
— continuous on finite dimensional subspaces iff
(fC) A:V, — V! is continuous for each subspace V,, of finite dimension

— Lipschitz continuous iff

(LC) AL >0 s.t. [|[A(ur) — A(u2)|| < L+ JJug — usg|
— bounded iff
(B)

M — bounded in V. = A(M) = {A(u)| uw€ M} — bounded in V' .

Remark. Terminology is not entirely unified, sometimes (sC) is called com-
pletely continuous.
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Lemma 14.1. (a) The following implications holds:

(LC) (sC) (wC)

Lipschitz continuous strongly continuous - weakly continuous

=N (dUC)

bounded continuous demicontinuous

J

(fC)
continuous on finite
dimensional suspaces

v J

continuous on lines hemicontinuous

On the finite dimensional spaces the following concepts coincide:
(C) = (sC) = (wC) = (dC) = (fC) and (I1C) = (hC).
For linear operators we have (LC) = (C) = (B).

(b) The set of operators of each of the introduced continuities forms a linear
space, 1. e.

Al,AQ € (.I'C) — 1A +tAs € (.I'C) th,tg ceR.

(c) The sum of operators of different but comparable continuity forms an
operator of the “weaker” continuity.

The proofs follows immediately from the definitions and from the properties
of the strong and weak convergences. In general all definitions define mutually
different sets of operators.

15. Monotony properties.

In this section we summarize and compare the monotony like properties
including (.S)-conditions and coercivity.

Definitions. Let A: V — V' be an operator on a Banach space V.

We say that the operator A is
— monotone iff

(MOH) <A<U1) — A(uz),ul — UQ> 2 0 Vul,uQ,
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— strictly monotone iff

(rMon) (A(ur) — A(ug),u; —u2) >0 Yuy,ug; uy # us,

— strongly monotone iff

(sMon) Fa>0 s.t. (A(ur) — Alug),us — up) > a - ||uy — uz||* Yui,us,

— coercive iff

(coer) lim )

— satisfies the condition (S5;) iff

(S1) [un Dow,  limsup(A(u,) — A(u), u, —u) < 0] = U, —u,
— satisfies the condition (5) iff

(S) [un Dou,  (Aun) — Au), up — u) —>O} = U, —u,

— satisfies the condition (S;) iff

(So) [un Dow, Alun) 20, (A(un),un) — (b, u)} = U, —u.

Remarks.

(a) Monotony properties (Mon), (sMon), (rMon) have globalizing character
in the following sense: if the inequality holds locally, i.e. for each uy,us € U,
where U are from an open covering of the space V', then the inequality holds
for each u,v € V.

(b) Strongly monotone operators satisfy the implication:
(A(un) — Au),up —u) - 0 = u, — u.

The (S)-conditions generalize this property to weakly convergent sequences.
They ensure the strong convergence of Galerkin approximation, see Theorem
8.2. In the definitions we replaced (A(u,) — A(u),u, —u) by (A(uy),u, — u)
since for u,, — u implies (A(u),u, —u) — 0.

(¢) Condition (S4) is used also in theory of Leray-Schauder degree, see [14].
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Lemma 15.1. (a) The following implications holds:

— (CO er )

coercive

(S + ) < (SMOH)

condition strongly monotone

J J

(S) (rMon)
condition strictly monotone

(So) (Mon)
condition monotone

(b) The sets of operators (Mon), (rMon), (sMon), (coer) form cones, i.e.

Ay, As € (xMon) = Ay + Ay € (xMon), tA; € (xMon) t>0.
(¢) The sum of two operators of various types of monotony (Mon), (rMon),

(sMon) forms an operator of the stronger monotony. Adding an operator (Mon)
or (rMon) does not violate coercivity.

The proof follows from the definitions.

16. Continuity and monotony properties.

The following properties contain both continuity and monotony like proper-
ties.

Definitions. Let A: V — V' be an operator on a Banach space V.
We say that the operator A is

— pseudomonotone iff

(PM) Up 2w, limsup(A(uy), u, —u) < 0] =

= [liminf (A(u,),u, —v) > (A(u),u —v) YveV],
— satisfies condition (M) iff
(M) [(un Dou,  A(up) 2b, limsup(A(uy,), u, < (b, u}] =  A(u) =0,
— satisfies condition (M) iff

(Mp) [<un&u, Alun) ™ b, (A(un),un—><b,u)} —  A(u) =b.
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Remark. In addition to condition (PM) in the definition of pseudomonotone
operators some authors require boundedness or demicontinuity. In the finite
dimensional space a continuous operator is psedomonotone and locally bounded
pseudomonotone operator is continuous.

Lemma 16.1. Let A:V — V' be an operator on a reflexive Banach space
V. Then the following implications hold:

(sC) Monotone and Demicontinuous
strongly continuous hemicontinuous and (Sy) condition
(PM) Demicontinuous
pseudomonotone and (Sp) condition
and bounded U U
demicontinuous condition condition

For proofs see [1], Lemma 6.7.

Lemma 16.2..

(a) The sum of two pseudomonotone operators is a pseudomonotone oper-
ator, i.e. the pseudomonotone operators form a cone.

(b) The sum of two operators satisfying (S5.) is an operator satisfying (S.),
i.e. the operators satisfying condition (S;.) form a cone.

(c¢) Adding a strongly continuous operator does not violate the property
(S+)7 (5)7 (50)7 (PM)7 (M)7 (MO)

The proofs are based on verifying that if the sum A; + A, satifies the as-
sumption of the property under consideration then both operators satisfy it as
well. For details see [1].

17. Weakly continuous operators.

We introduce some propositions which help verification of the assumption
that the operator is weakly contiuous. We formulate some results for second
order operators only. For general case see [2].

Lemma 17.1. The set of weakly continuous operators A : V — V' forms a

linear space, i.e. if A1, Ay are weakly continuous and ¢ € R then Ay + A, and
¢ - Ay is also weakly continuous.
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The assertion is a simple consequence of definitions. It was already stated in
Lemma 14.1 (b). It allows to split operator into a sum of operators and verify
their weak continuity separately.

Lemma 17.2. The linear continuous operator on a reflexive Banach space
is weakly continuous.

Proof. Let A:V — V' be a linear continuous operator and let u,, — u. Let
us introduce the adjoint operator to A, i.e. operator A* : V' — V' defined by

(A*(v),u) = (A(u),v) Vu,veV.

Obviously A* is also continuous. Then for any v € V' we have A*(v) € V' and
Up 2w implies A(u,) 2> A(u) since

(A(up) — A(w),v) = (A"v,uy, —uy — 0.

Differential operators.

In general for nonlinear operators we can only say: the strongly continuous
operator is weakly continuous, see Lemma 16.1. In case of differential operators
for boundary value problems we can say more: quasilinear (i.e. operators linear
in the highest derivatives of the unknowns) are weakly continuous.

Let Q be a bounded domain in RY with Lipschitz boundary. We shall deal
with second order operators A : V' — V' on closed subspaces V of the Sobolev
space W12(Q) of the following types:

(17.1) (A(u),v) = /Qg—;h(~,u)g—;dx,
(17.2) (A(u),v) = ; g—gjh(-, w)vdz,
(17.3) (A(w),v) = /Qh(.,u)g—;dx,

(17.4) (Aw),0) = /Qh(~,u)vda;,

Lemma 17.3. Let W12(Q) ccC L4(Q) be the compact imbedding, see
Theorem on compact imbeddings, Section 12. Let the function h(x,§) satisfy
Carathéodory condition (13.1) and the growth conditions:

(a)

|h(x,&)] < const.
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in case of operator of type (17.1),
(b)
[h(z, )] < gl@) + cl¢|V/T,
where g € L"(2), ¢ a constant and
r=2q/(q—2) in case of operator of type (17.2),
r =2 in case of operator of type (17.3),
r=gq/(q—2) in case of operator of type (17.4).

In the one-dimesional case N = 1 we have ¢ = oo and the growth condition
reads |h(x,&)| < ¢(|€]), where ¢(t) is a continuous function.

Then the operator A defined by (17.1)—(17.4) is weakly continuous.

Proof. The proof is based on the Theorem on Nemytskij operators and
properties of the weak convergence. The Carathéodory condition with growth
condition ensures that the expression (A(u),v) is well defined. Let v € V' and
U, <> uin WH2(Q). Then

ou,, w, ou

8—% 8—% weakly in L?(2) , Uy, — u strongly in LI(Q)

and the result follows in case of operators of type (17.3) and (17.4).

In the other cases we split the expression into two parts: the first with
the strongly converging sequence and the second with the weakly converging
sequence e. g.

(Aluy) — Au), v) = /Q g%f (h(1y) — h(w)] g;’i dr + /Q [ZZ’; _ gﬂh(u)g;dx

and the result follows since both integrals tend to zero. a
In [2], Proposition 2.5 and 2.6 the weak continuity is proved in more general

case. Let V be a subspace of W*P(Q) and A : V — V' be a quasilinear divergent
form operator defined by

(A(u),v) = / D% - h(-, D%, D%, . .., D) D% dz
Q
and lower order operators
(A(u),v) = / h(-, D%, D, ..., D%) D% dx
Q

where D“° means the k-th order partial derivatives, D%, ... D™ lower order
derivatives and D? a derivative of order less or equal k.

The linear mappings u — D%wu are supposed to be compact as mappings
WkP(Q) — LPi(Q) for i = 1,...,m. The function h(z,&,...,&y) is supposed
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to satisfy the Carathéodory conditions and corresponding growth conditions
derived from (13.3)-(13.5) such that the integral (A(u),v) is “well defined”.

The assertion of the result is that the operator A is weakly continuous.

Historical remarks.

The assumption of monotony for operators in a Hilbert space was used by
M. Golomb already in 1935. The term “monotone mapping” was invented by
R. I. Kacurovskij (1960), who also noticed that the differential of a convex func-
tional is a monotone mapping. The surjectivity of a continuous coercive mono-
tone operator was proved by G.J. Minty (1962) and F. E. Browder (1963). Pseu-
domonotone operators were introduced by H.Brézis (1968) and F.E.Browder
(1968), the operators satisfying condition (M) also by Brézis. Hundreds of pa-
pers have been devoted to the theory of monotone operators and its application,
more than 300 items are quoted in the monograph [11] (which has been also the
main source for these remarks), further references can be found in [12], [4], [5],
[6], [7], [10].

The text is a renewed survey paper [1], where more details can be found,
completed by [2]. Some useful inequalities and a brief survey of function spaces
was added.
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