
Zadáńı semestrálńı práce DU4

Řešte konvektivně-difuzńı úlohu

−εu′′(x) + u′(x) = 1, x ∈ (0, 1), (1)

u(0) = u(1) = 0. (2)

Přesné řešeńı

u(x) = x− 1− ex/ε

1− e1/ε
(3)

Snadno ověř́ıme, že limε→0 u(x) = x pro x ∈ ⟨0, 1).
Diskretizujte úlohu (1)-(2) diferenčńı metodou. Zvolte rovnoměrné děleńı s krokem

h = 1/N a uzly xi = ih, i = 0, 1, . . . , N . Přibližné řešeńı v uzlu xi označme jako Ui.

Diferenčńı schémata pro výpočet prvńı derivace

u′(xi) =
u(xi)− u(xi−1)

h
+O(h), i = 1, . . . , N − 1, :: zpětné ==> upwind (4)

u′(xi) =
u(xi+1)− u(xi)

h
+O(h), i = 1, . . . , N − 1, :: dopředné (5)

u′(xi) =
u(xi+1)− u(xi−1)

2h
+O(h2), i = 1, . . . , N − 1. :: centrálńı (6)

u′(xi) =


u(xi+1)− u(xi−1)

2h
+O(h2), i = 1,

3u(xi)− 4u(xi−1) + u(xi−2)

2h
+O(h2), i = 2, . . . , N − 1. :: upwind

(7)

u′(xi) =



−2u(xi−1)− 3u(xi) + 6u(xi+1)− u(xi+2)

6h
+O(h3), i = 1,

u(xi−2)− 6u(xi−1) + 3u(xi) + 2u(xi+1)

6h
+O(h3), i = 2,

−2u(xi−3) + 9u(xi−2)− 18u(xi−1) + 11u(xi)

6h
+O(h3), i = 3, . . . , N − 1. :: upwind

(8)

Diferenčńı schémata pro výpočet druhé derivace

u′′(xi) =
u(xi−1)− 2u(xi) + u(xi+1)

h2
+O(h2), i = 1, . . . , N − 1. (9)

1



u′′(xi) =



11u(xi−1)− 20u(xi) + 6u(xi+1) + 4u(xi+2)− u(xi+3)

12h2
+O(h3), i = 1,

−u(xi−2) + 16u(xi−1)− 30u(xi) + 16u(xi+1)− u(xi+2)

12h2
+O(h4), i = 2, . . . , N − 2,

−u(xi−3) + 4u(xi−2) + 6u(xi−1)− 20u(xi) + 11u(xi+1)

12h2
+O(h3), i = N − 1.

(10)

Vyzkoušejte tyto kombinace schémat:

1. (4) + (9), řádu 1, h bez omezeńı
2. (5) + (9), řádu 1, h < ε
3. (6) + (9), řádu 2, h < 2ε
4. (7) + (9), řádu 2, h bez omezeńı
5. (8) + (10), řádu 3, h bez omezeńı

Testováńı řádu p lze provést na základě vztahu

ek ≡ ∥Uk − uk∥∞
.
= Chp

k, (11)

kde

Uk = (U
(k)
0 , U

(k)
1 , . . . , U

(k)
Nk

)T

je přibližné řešeńı pro děleńı na Nk d́ılćıch s krokem hk = 1/Nk a

uk = (u(0), u(hk), . . . , u(Nkhk))
T

je přesné řešeńı na tomtéž děleńı. Počet d́ılk̊u {Nk}nk=1 voĺıme

Nk = a+ bk, k = 1, 2, . . . , n,

pro vhodné konstanty a, b a n, třeba a = 50, b = 25, n = 10.

Experimentálńı určeńı řádu. Logaritmováńım vztahu (11) dostaneme

ln(ek) = ln(C) + p · ln(hk), k = 1, . . . , n.

Řád p tedy źıskáme přibližně jako směrnici př́ımky, která ve smyslu metody nejmenš́ıch
čtverc̊u aproximuje data [Xk, Yk], k = 1, 2, . . . , n, kdeXk = ln(hk), Yk = ln(ek). V Matlabu
lze k tomu účelu použ́ıt funkci polyfit. Je-li

X = (X1, X2, . . . , Xn), Y = (Y1, Y2, . . . , Yn),

pak po provedeńı př́ıkazu P=polyfit(X,Y,1) dostaneme p
.
= P(1), viz popis funkce

polyfit.
Druhou možnost́ı, jak odhadnout řád metody p, je následuj́ıćı postup. Z (11) dosta-

neme

ek+1

ek

.
=

(
hk+1

hk

)p

.

Tento vztah logaritmujeme a definujeme

qk =
ln(ek+1/ek)

ln(hk+1/hk)
, k = 1, . . . , n− 1.

Měli byste zjistit, že |p− q1| > |p− q2| > · · · > |p− qn−1| ≈ 0 .
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